
This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 



at |http : //books . google . com/ 



Digitized by VjOOQ IC 



Digitized by VjOOQ IC 



Digitized by VjOOQ IC 



SHORT TREATISE 



ON THB 



PRINCIPLES 



OF THB 



DIFFERENTIAL 



AND 



INTEGRAL 
CALCULUS. 

PART II. 




DESIOKEB FOR 

THE USE OF STUDENTS IN THE UNIVERSITY. 



BT THB 

REV. BADEN POWELL, M.A. F.R.S. 

OF ORIEL COLLEGE, 
SAYILIAN PROFESSOR OF GEOMBTRT IN THB UNIYBRSITT OF OXFORD. 



OXFORD, 

AT THE UNIVERSITY PRESS. 

MDCCCXXX. 



C^ ^i<y^ ^ Lr/l£y^ Digitized by GoOglC 



Digitized by VjOOQ IC 



PREFACR 



X HE ensuing volume appears as the continue^ 
tion and conclusion of an elementary course of 
analytical mathematics, which the author has 
been for some time past engaged in bringing 
out in the form of successive treatises, each in 
some measure distinct, yet all connected. The 
objects in view in such an undertaking have 
been sufficiently described in the prefatory no- 
tices prefixed to former volumes. In the pre- 
sent part nothing more is aimed at than the 
completion of the same design. The same prin- 
ciples have been adopted, and the same rules 
adhered to, by the compiler, for his guidance in 
the selection of materials and the mode of em- 
ploying and presenting them, as those followed 
in the former portions of his work. It is his 
endeavour all along to compress into a small 
compass all that may be considered of most 
essential use to a learner ; and to explain every 
thing which is introduced by the utmost fulness 
of detail. 

The former part of the Short Treatise on the 
Differential and Integral Calculus contains its 
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iv PREFACE. 

elementary principles, with a very few applica- 
tions : the present volume will be found to com- 
prise more extended instances of such applica- 
tions; together with a further discussion of 
some of the principles of the science, and of 
one or two branches of it not before entered 
upon; such discussion, however, being in all 
cases confined within the limits which the na- 
ture of a treatise strictly elementwy should im- 
pose. The various ap|)li€ations may of course 
be followed up to just that extent which may 
suit the particular views of the student, after he 
has acquired a fundamental knowledge of the 
science from the former part. 

The author feels it particularly incumbent 
on him to apologize to his readers for the de- 
tached and unconnected form in which certain 
parts of his design have been brought out. But 
the whole being intended rather as successive 
parts of one work than as distinct treatises, and 
as they are each necessary to the illustration of 
the rest, he has allowed himself to be guided 
rather by circumstances than by the proper 
connexion of the subject, as to the order in 
which different portions have appeared. But 
he trusts that the proper arrangement in which 
they follow one another will be so readily un- 
derstood, that their being thus out of place 
will not occasion any perplexity to the student. 
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PREFACE, V 

In particular, the articles on Vanishing Frac- 
tions, and on Integration, prefixed to the vo- 
lume on " the Application of the Calculus to 
" the Geometry of Curves,'' may be easily trans- 
ferred to their proper places in the system of 
the Calculus ; as also the general principles of 
Maxima and Minima of two Variables in the 
same volume. The short sketch of Differential 
Equations, also, given at the end of the same 
volume, properly belongs to the present, and 
the section on the subject given here follows in 
immediate connexion with it. Of this section 
the author willingly takes this opportunity of 
saying that it will be found to be but an imper- 
fect account of part of the subject which, in its 
full extent, is one at the same time of consider- 
able difficulty, and of the highest interest : this 
section is almost wholly an abridgement of the 
corresponding portion of the treatises of La- 
croix and Boucharlat ; and the student whose 
views reach to following it up, will find due 
reference to fuller sources of information. 

Throughout the whole work the details of 
the operations are always fully stated : and in 
doing so the author has generally adhered to 
the most direct and natural mode of deduction: 
better methods and more ingenious artifices will 
doubtless occur to the more practised analyst : 
but the investigations here given, it is hoped, 
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vi PREFACE. 

will be found at all events such as to answer 
the purpose intended, that of giving the requi- 
site assistance to the learner, and leading him 
on by progressive steps to a thorough acquaint- 
ance with the principles of the science. 



Digitized by VjOOQ IC 



CONTENTS. 



DIFFERENTIAL CALCULUS. 

Page. 
Differentiation 

Algebraic functions ... 4 

Transcendental functions - - - 7 

Successive differentiation - - - 15 

Elimination of constants, &c. - - - 17 

Maxima and Minima of 

one variable - - - 22 

two variables - - - 38 

Vanishing fractions - - - . 44 

Connexion between logarithmic and circular functions - . 47 

Applications of the principle - - 49 

Developement of functions 

by differentiation ... 59 

by Taylor s theorem - - - 65 

Theorems of Lagrange and Laplace - * 84 

Applications - - - 88 



INTEGRAL CALCULUS. 

Elementary integrations - - - 101 

Integration by series - - - - 108 

Rational fractions - - - - 111 

Irrational fimctions 

Various forms - - - - 121 

Binomial differentials ... 130 
Transcendental functions 

Exponential - - - - 139 

Trigonometrical - - - 144 

Differential Equations - - - 153 



Digitized by VjOOQ IC 



ERRATA. 



In the Application of the Calculus to the Creometry of Curves, 



p. I. , 


error. 


correction. 


29. 7* denominator . 


. Sx^ . 


3 


37. 1. ..... 


. aju' . 


. . dx*. 


In the " Integrations," 






11. 8. denominator . 


. X4 


. . x» 


14. 3 


. dM . 


. . M. 



In the present volume, 

52. 5 from the bottom 



sm.' 



sin. ^x. 



Digitized by VjOOQ IC 



THE PRINCIPLES 



OF THE 



DIFFERENTIAL AND INTEGRAL 
CALCULUS. 



PART II. 



Digitized by VjOOQ IC 



Digitized by VjOOQ IC 



THE PRINCIPLES 

OF THk 

DIFFERENTIAL AND INTEGRAL 
CALCULUS. 



DIFFERENTIAL CALCULUS. 

In the former part of this work a general elementary 
view was given of the principles of the Differential 
Calculus, and some of its chief applications. We shall 
here proceed to illustrate those principles somewhat 
more fully by a selection of examples ; to supply addi- 
tional instances of the applications of the Calculus ta 
some important points ; and to carry on the course of 
the investigation to certain parts of the subject which 
are essential to a more extended view of analysis. 



DIFFERENTIATION. 

IN the following section it is designed to give a few 
such examples of differentiation as present any thing 
remarkable either in the operation or in the result. 
These, with occasional remarks, may suffice to illus- 
trate the nature of the process, and to afford a guide 
to the student in similar investigations. 

B 2 
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DIFFERENTIATION. 



ALGEBRAIC FUNCTIONS. 

(1.) The differentiation of a square root often occurs; 
it may be useful to bear in mind the form which it 
takes : 

Let u=zx^ 
thence, du^^ '^dx=i 



In like manner, d^l +0?' = 



xdx 



^/l^-«^ 



(2.) To differentiate the reciprocal of the square root, 
or. 

We have du^ — rfv^. 
> 

X 

which, by substituting the value of the numarator from 
the last example, 

_ —dx 

X 



CS.] Let «=^— . 



wehayerf«=^iVt^)^. 

In the numerator two terms destroy each other, and 
there results. 



t/ a; \ _ dx 

Vl+ar>'~(l+ir)' 
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ALGEBRAIC FUNCTIONS. & 

(4.) In these and other examples a quantity in- 
volving X is given equal to Uy and in this state is called 
an explicit function of x. But it is often required to 
differentiate an equation containing terms in which u 
and X are combined, which is called an implicit func- 
tion of X. For example^ let it be required to dif- 
ferentiate 



here we have, 

, 2uxdx ^ J ^ 

2udu-2^1+x'du — -, +2xdx = 0; 

^/^+X' 

Or (u - ^T+x') du = (;7== -^)^^ i 

which is easily reduced to 

x{u—'^l-\-x')dx _ xdx^ 

The student will doubtless remark, that this result 
is the same as that found by the differentiation of 
tt = Vl + x\ [Ex. 1.] This wiU be easily seen to arise 
from the circumstance that the differential of ^1 +x^ 
is the same as that of Vl +^* -h 1 ; and this last will 
be found to be the value of u deduced by solving the 
quadratic equation above given, or deriving from the 
implicit an explicit function of x. 

(5.) It is sometimes required to differentiate con, 
tinued roots or fractions, or series, in which cases the 
algebraical value must first be obtained, and then the 
expression differentiated. For example, let it be re- 
quired to differentiate 

« = N/;r + Va: + V+V;r + ,&c. 
B3 
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6 . DIFFERENTIATION. 

. We first express its value by taking 



= x + u 

And solving this quadratic equation we have, 
w'-M + i = 4r + + ; 
whence, u--^^ ± V'iTfTT. 

And this value being differentiated gives 

dx 



du= '\- 



(6.) In a similar way, if it be required to differen- 
tiate 

1 + &c. ad inf. 

x^ 
We must first take u = *. w* + w = or* ; 



whence «^ H- ^ = ± '^^^ + \ \ 
and this being differentiated gives 

xdx 



du= + 



^^^n 



. (7.) To differentiate the function 

M = a + ax+ax^ •+-... to » terms. 

These terms forming a geometrical series, we sum 
them by the well known formula, and finding, 

(^-1) 
x-1 
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ALGEBRAIC FUNCTIONS, 
we then take . 

j^-^/ (^-l) d(af-l)-(ar-l)d(x-l) \ 

_ / (x — l) nar-^ dx — {af — l)dx \ 

-«^( j^:ziy ; 

\ (a;— 1)' ^ 

TRANSCENDENTAL FUNCTIONS. 



m 



sm. w 



(8.) To diflferentiate w=log. ; ^^ . ' , 
' \/ 1— sm. 0? 

Writing sin. a? = «, we have 

f*=i[log. (l+«)-log. (l-a)], 

and thence du=M ^^ — ) . 

And reducing to a common denominator 

^V(i+«)(i-z)/ i-«»' 

but dz:=zd sin. x^dx cos. a?, and 1 — i8" = co8.'ar. 

Hence replacing these values, 

7 €22? cos. X dx 
du=: = . 

cos. ^X COS. X 

By a precisely similar process we find the differen-- 

tialof« = log. jlE^tobe£f« = -^. 
'^l+cos. 0? sm. X 

B 4 
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8 DIFFERENTIATION. 
(9.) To differentiate u = sin.— (" _f V 

writinff , = v, we have 

Vl +x'dx-ar-;== dx(\-- ) 

vl+a? V l+a^' dx COS.U 



dv= 



I+ar" I+a;» ~ l+ar* 



But <fo = du COS. tt. Hence du = ^ , 
(10.) To differentiate « = sin.- (llI^V 



1-x* 



find 



Writing- ,=<», we 

1 +x 

//«,_ (1 + J?')(~ 2a;<&p) - (I -af)^dx _ -4,xdx 
(l+xy ~(l+< 

But dv = du COS. « = </«'/l— tj».-, e?M = 



Vi _t>' 



And vrr«'=^^(l±3E(L:^= ^C!?l __2£_ 

TT J —^dx 1+x* —2dx 
Hence «« = — -. —^^ = — il^. 

(1+a;')* 2x 1+x' 

(11.) The rule for differentiating ^=0* may be ex- 
tended to more complex cases. 

Let y^ei" y writing J' = « it becomes y = a" ; there- 
fore 

^zstt" log. a = a* log. a 
$ = JMog.J. 
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TRANSCENDENTAL FUNCTIONS. 

Wherefore J^ = a* h' log. a. log. b. 
ax 

(12.) Lety = «^ Taking the logarithms 
log. y = i? log. % 
.'.rflog. y = t?. d. log. «+log. «. dv\ 



or 



.•.% = y(^+log.«£fo). 

(13.) Hence we may deduce the differential of 
y=«^; forletr = i?, .\y^%\ 

Then by the preceding form, we have in these two 
cases, 

dy^iZ'^yy — ^-zdv) 

£fo = f* ( w — -♦- log. tduj. 
Substituting the values of v and dv in that of dy^ 
r?2/ = /[<~^ + log. %t(u j+\og. tduy]^ 

u /cb& dt \ 

=5 a* . f*( — +wlog. % — + log. %. log. t.du\. 



(l+x 1 1 _ /l+a?> 



(14.) To differentiate «=logvi±? = i log {\^\ 
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we have rfw = ^ < 



DIFFERENTIATION. 



1 +x 



U (1-^)' viTi/l 

"nri-^)(i+^)3 ~r^^* 

(15.) The following cases should be viewed in con- 
nexion : 



Let « = log. [x+ a/^^ — 1] 
xdx 

I 007 + - 

du=: 






( dxjVx'-l + a;) \ dx 



c 



(16.) Next let « = log. [a;^/-l + V«»_1n/-1], 
at v'a?'-!'^ 



observing that Va?" - i V _ i = Vi _a;% we have 

xdx 



du = 



i 



Vl-ar' > 



~ Vl-a;'(arv''Zi + ^l-ar ^ 
or multiplying both numerator and denominator by 



^/-l, 



_<fo;\/Z~i(V — iVi— j;'--a;) _ dxV—.l 
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TRANSCENDENTAL FUNCTIONS. U 

which again multiplied by '^ — 1, gives 
du^- 



(17.) In this last case we may observe that, 

may be written 

, 1 • dx 

(18.) And in the same manner we should find 

dx 



d. 



:^7=5 log. (^v-n- ^1+^)=-^=, 



(19.) In precisely the same way as in example (15), 
we find 

dx 



d.log. {\^l+x'+x)=L .- , > 

vl-h^r 

(20.) And again in the same manner, 



d. log. (.v/rpP-a;) ^dx ( ,J^^^"^4= 1 

t-(^lH.a?'-a?)v^l + ^'J 

_ -(^ /1 + ^'-^) -dx 

( Vl-h.r' - 0?) VlH-a? "" ^^l-ho?' 

(21.) Hence we easily differentiate 



For we must take 



du^\[d\o%. (^/l+a?^+a:)-(e/log. {^\j^x^^x)\ 
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12 DIFFERENTIATION. 

and writing for these their values above found, 

2dx dx 



du^\- 



(22.) The two following forms, though similar in ap- 
pearance, require different methods of differentiation. 



Let u = ]ogi ^l+^J;^l-n ; 

or writing the fraction = ??, «^ = log. y — log. «. 
And du = ^-^ 

y * 

^2^1+x avTz^ iTfri^ 

_ —dxz 

d - ^ <to _dx(2''^ T^x + ^'^l+x) 

_ ^t/ 

..du^rdxi — -' lJ=]; 

or reducing to a common denominator 

C2y«vi«a?'J 
But on squaring the numerator and denominator of 
the original fraction, and adding, it is evident that the 
second terms of the two squares destroy each other, 
and we have 

y»H.»»=(l+a?)+(l-a?) + (l+a?) + (l-ar)=4. 

Also the product y« = (1 + a?) — (1 — a?) = 2a?. 
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TRANSCENDENTAL FUNCTIONS. 13 

—dx 



xVl-x' 
(23.) To differentiate 



.=!<«.(: 



Vl+o?— ^^1— a?> 



We must first observe, that the quantity within the 
brackets is reducible to a simpler form ; for by multi- 
plying both numerator and denominator by the quan- 
tity 

there results, (\/i+a? — ^l—xY 

which becomes by expanding and reducing 



(w^.). 



To differentiate the logarithm of this quantity we 
take 

du = d (log.(l — vT+x*) -log. x) 
xdx 



= J vT^Ix" 



l_^/lZv 



^^1 -X' (1 - vl3^)a. 



=dx- 



xvi-x' 
(24.) In like manner if we differentiate 



X 
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14 DIFFERENTIATION. 

we shall find by the same process 
duzzi-- dx 



(24.) The foUowing method is often useful for facili- 
tating the process of differentiation. 

If we have two equations 

From these we find separately the values of -^ and -=— 

du dx, 

and multiplying them together, we have the value of 

dx 

For example — ^let there be given 

y = 3«' and Uz^x^^ax*^ 

we have, -J^ = 6w -^ = 3a?' -h 2aa?. 
du dx 

Hence ^ = 6a (3a?* + 2ax) 
dx 

= 6 (a?5 + ax^) <3a?» + 2aa?) . 

In complex expressions this process sometimes af- 
fords great simplification. 
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[ 16 ] 

SUCCESSIVE DIFFERENTIATION. 

(1.) The successive differentials of the function - 

are somewhat remarkable : they will be found as fol- 
lows; 

X 

dx "" a?' 

dx^^ a^ 

d^u^ 3>2.1 
dx^ X* 



d^u _ / _ •■ \n ^ ' (^ "^ 1) 3 > 2 ■ 1 

(2.) Letw = ~-1_.. 

Then it will be readily found that we have 

du_ ^2(l^x)(^l) _ 2 

dx (1-^)* (1-^)'' 

and proceeding in the same manner, we shall evidently 
arrive at 

d^u_ l.Z.3.4i... (n + 1) 
dor (1-0?)''+^ 

(3.) From the differential coefficients of this function 
we have those of 

u = - ; 

1—0? 
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16 SUCCESSIVE DIFFERENTIATION. 

for we obtain directly 

du 2 



dx {\-xY 
Hence the successive differential coefficients will be 
those of the function --, multiplied by 2, of the 

order next below : thus we shall have m this case 
rf^gg_ 2,2,3 n 

d^ (1 -;»)«+' 

The determination of the »* differential coefficient 
of a given function without going through the previous 
differentiations, is a point of considerable importance 
in complex developements : it gives what is called the 
" general term" of the series, which expresses its law : 
and the subject has accordingly engaged much of the 
attention of analysts, and formulae have been given for 
various forms of functions ; but as they are necessarily 
of a complex nature, we shall not here pursue the sub- 
ject. The reader will find several such forms stated in 
Peacock's Examples, p. 11, and the full discussion of 
them in Lacroix's large treatise, ch, 1. art. 37. 

(4.) In thedevelopementof «* (Diff. Calc. p. 38.) the 
student will doubtless have remarked that the succes- 
sive differential coefficients involve the original func- 
tion multiplied by the successive powers of A. In the 
case therefore of the Napierian logarithm where ^ = 1, 
or in the developement of ^, we have the remarkable 
property that aU the differential coefficients are equal 
to each other and to the original Junction. 

(5.) The same remark may be made also with respect 
to the differential coefficients of sin. x and cos. x : (Diff. 
Calc. p. 32.) Those of even orders being equal to the 
original function but with signs alternately negative 
and positive 
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ELIMINATION OF CONSTANTS, &c. BY DIF- 
FERENTIATION. 



(l.) It is obvious that the process of diflFerentiation 
will enable us to get rid of any constant quantity which 
is 7iot combined with a variable in a given expression ; 
but we can by means of the given equation and the 
resulting differential equation also get rid of a constant 
which enters as a coefficient of a variable. 

For example, if we had the equation 

Differentiating it, we find 

2ydy = adx ; 

and by means of these two expressions we can elimi- 
nate a ; since we have 

on X dx ^ 

which gives the differential equation 
y^dx = ^yxdy + hdx, 

a result which is independent of a. 
Dividing by dx, this gives 

and differentiating again, we have 

a result which is independent both of a and b. 

c 
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18 DIFFERENTIATION. 

(2.) If the constant be above the first degree, the re- 
sulting equation wiU contain higher powers of dy and 
dx than the first. For example, let 

Difierentiation gives us 

ydy -^ady + xdx = 0. 

Whence we have 

^^ ydy+xdx 
dy 

Substituting this in the given equation, it becomes 

y»-2y {ydy + xdx) ^ ^ _ {ydy + xdx) * 
dy dy^ 

Or, 

dy •" dy dy' 

which, transposing and multiplying by -/^, becomes 

An equation shewing the relation between the variable 
Xf its function y, and the differential coefficient, inde^ 
pendent of the value of a. 

We might also have obtained the same result by 
solving the original equation for a, which would give 



a= —y± v'2y' + ^. 
And by differentiating this expression, we have 

^/2y'+x' 
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ELIMINATION OF CONSTANTS, &c. 19 

And hence, multiplying by the denominator, trans- 
posing and squaring, we have 

{^ydy -f xdocY = dy\2y^ -f x% 

Expanding, changing all the signs, and dividing by 
dx", we finally obtain 

which is the same equation as that before obtained. 

(3.) Any number of constants may be made to dis- 
appear by differentiating as many times as there are 
constants in the equation. For example, let there 
be given 

y' = »i (a*— 0?') ; 

we have ydy = — mxdx 

dy 
or y-^= —mx. 
dx 

Differentiating again, we find 

y^jr^^^mdx\ 
dx dx 

and substituting for m its value derived from the 
former equation, 

xdx 



this becomes 



2'^2'+^i'+2^''^=^- 



an equation independent of the constants a and m. 

(4.) By methods similar to the preceding we can 
make irrational functions disappear from equations ; ob- 

c 2 
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80 DIFFERENTIATION. 

taining instead, equations involving differentials. Thus 
let there be given 

by differentiating we have 

^(J^y~^d{fx) = d{Jy), 

or, P-{fxy'd{fx)^d{fy)ifxy, 

P 

and substituting for {fx) i its value, we obtain 

an equation in which {J'iv) is freed from its fractional 
index. 

The same result might have been obtained by taking 
the logarithms : by which means we should have 

|log. (»=log.(^). 
Whence f^)JJM, 

and |(^)^(» = CA)rf(^) 

as before. 

(5.) On the same principle we can remove transcen- 
dental terms from an equation : for example, let 

w=log. (a + 5a?). 
Then du = ^, or -^ = 



a-^hx dx a + bx 
Again, let us take a circular function 
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ELIMINATION OF CONSTANTS, &c. 21 

tt=sin. <r. 



duz=idx COS. a: = rf!a?\/l-^* 

du 

COS. a: = -^, 

ax 

By differentiating a second time, we have 

d'u = d^x COS. X — dx* sin. « ; 

and substituting the value of cos. a?, this becomes 

d^u-d^x -^-dx^u. 
dx 

Whence dxd^u = d?xdu — dx^u. 



c 3 
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MAXIMA AND MINIMA OF FUNCTIONS OF 
ONE VARIABLE. 



We shall here give a few examples illustrative of 
the principle of the investigation of Maxima and Mi- 
nima, to which some general remarks will be added. 

We will commence with an application of the pro- 
cess to some very simple cases : 

(1.) Lety = &-ca:'. 

Here ^ = — 2ca? ^= -2c. 

ax ax" 

There is only one value, viz. ar = 0, which can render 

-Jl = 0. And since the second differential coefficient is 
ax 

negative^ this valuer which gives ^ = &, belongs to a 
fnaxtTnuM. 

Again, let y = i + cx^ 

ax ax" 

Here the value a? = 0, which gives y = i, since the se- 
cond differential is positive^ is a minimum value of the 
function. 

But if the function had been 



y=J 


±cx, j 


we should have had 
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and all the subsequent differential coefficients vanish 
also, or ar = belongs neither to a maximum nor a 
minimum. 

If again we had 

y = 6 -f CO? 

ax ax 

Here two values +^ and — a? give -^ = 0; but they 

also make ^^ = 0. Also all the differential coefficients 
ax 

after the third are = 0: hence these values give no 

maximum or minimum. 

(2.) To find when u = x* — 2a:^ is a maximum or 

minimum. 

ax 

ax 
For the maximum or minimum 

4r3-4a? = .•.4:ir(a? — 1) =0 
.•.either a? = l, or a:=0. 

If ^ = 1 ^=12-4=8 .:.M = minimum. 
ax 

U x=zO ~^= — 4 .\u = a maximum. 
dx^ 



(3.) Let w^a^ + x^-x, 
we have 



c 4 
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X 



"^a" ■^x'^x 



dx^ a' + x^ (a»+a?»)^ 

The first difibrential coefficient can only become = 
when ^ = 00 : and the second is positive for all values 
of X. Hence a? = oo belongs to a minimum. 

(4.) To divide a quantity a into two parts x and 
a —or, such that the product a>» (a — a?)" shall be a maxi- 
mum. 

Here therefore «=a:*' («— a?)". 

And -^ = iw^r*^"' (a - xY - a:"*»(a -^)"-' 
dx 

= (wo?*" ""'(a— a?) — wa:"*\ (a— a:)"""' 

_J -f /«ia — (w + «)a?j (aw — l)a?*""'"(a— a?)"-' 
— /^wa — (w+?*)a? jaf""'(?* — 1) (a — 0?)**-* 

-=- = Oifa? = 0, a? = «, or, 0? = 



Again, _ 



ax m-i^n 

d^u 
The two first values make -^ — also vanish : but from 

doci" 

the nature of the function it may be shewn that they 

belong to minima if m and n are even numbers: for 

each of the factors, after passing through the value 0, 

becomes negative, but the even powers being still posi- 
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tive, we have positive and ipcreasing values for the 
function u. This might be shewn by referring to the 
successive differentials. 

The third value substituted in the second differen- 
tial coefficient, gives 



Or this value corresponds to a maximum. 

(3.) To find the maximum or minimum values of 
the function^ 



., a?»+l 1 

X X 



By differentiating we have 

du _^ 1 
dx x^ 

d^u _ 2a? 

To have the first differential=0, we must take 

1-- =0, or 0:^ = 1 .-.0?= +1. 
x^ "■ 

And it is evident that the second differential will have 
the same sign as x. Hence 

x= + 1 gives u= +2 a minimum, 

and 4? = — 1 gives m = — 2 a maximum. 

This example serves to remind the student of the 
entirely relative nature of maxima and minima ; the 
absolute value being here the same in both cases. 
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We may also here mal^e another observation, which 
will sometimes abridge the calculation of maxima and 
minima ; viz. the same value which makes a function 

u a maximum, must make its reciprocal -^ a minimum; 

u 

and conversely. It may happen that the diflFerentia- 

tion of a function may be much more complicated than 

that of its reciprocal. In which case we may choose 

that of the two which requires the shortest process, 

and thence infer the maximum and minimum of the 

other. Thus in the present case, if it were required 

to find the maximum or minimum of the reciprocal of 

the function we have been considering, or of 

tV 

cr*-f 1 

the differentiation of this fraction would be more com^ 
plex than that of the former : and we shall more easily 
obtain our result by means of those above deduced ; 
from which we find that the value 

, . 1 

j: = + 1 gives «, = ->» maximum, 

and 47= —1 gives u^= — a minimum. 

(6.) The introduction of logarithms sometimes faci- 
litates the investigation of maxima and minima, as will 
be best understood from the following example : 

let u= '^x^'-ax^h* >^m^a?y 

then when the function is a maximum or minimnm its 
logarithm is so likewise. We may therefore take 

1 1 

«,=log. w = - log. (a?*— «j:»+ *)+^ log. {m-'Ofi). 

2 3 
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And differentiating 

da: iix^'-aa^ + b Sm-^x^' 
Whence 

^u^ _ ^ (a^ - go? -f b)2 - (2a? - a) (Za^a) _ 2(m- afi)x + ^. 3.r« 

^ 2(«r'-g^ + &) — {^iv—ay _ 9{m-oiP )x -f 33?^ 

^ = if :c = 0, which makes w= v6 • ^^^w; and a? = 
makes -— £ = i ^ ; which will be positive or ne- 

gative according as b is greater or less than a% or we 
shall have a minimum or maximum accordingly. 

(7 ) The following method will sometimes shorten 
the process of a second differentiation for finding whe- 
ther a given value of a function belongs to a maximum 
or a minimum. Let j^, (f>Xf be functions of Xyjx being 
such as to yanish when a particular value is given to x, 
but not 4>x. And let it be supposed that we have 
found 

dx "^ ^ 

differentiating again, we have 

d'y _Jx.d<f>x <f>x.d.fx 
doc" dx dx 

But when we assign to x the particular value sup- 
posed at which j^ = 0, this becomes 

^i^x.dyfx 
"" dx 

That is, in order to obtain the value of -^ for this 

dx^ 
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value of X, we have only to differentiate the Jactar, 
which vanishes, and multiply hy the other. In this, 
however, it is supposed that d.fx does not vanish also. 
If it does, we must recur to the usual method. 

We will exemplify this process in the following 
case: 

Let u = ^^i^ ^h^ + x" = ( - + 1 ) ^WTx* 
X ^ \x J 

du a+x X , ,- /— «\ 

^ax^-^jfi-^ab^ — ax* _ jfi — ab^ 

"" x'Vb' + x' ""orVFT^' 

In order that this expression may be =0, 
we must have x^ = ab\ 

or d?=^«6'- 

To find whether this belongs to a maximum or a 
minimum, we shall have, by adopting the process just 
described, 

fx=zx^^ab' <f>x=: i 



xWb' + x' 
and consequently for this value of x 

d'u _ Saf _ 3 

dx' x^ Vb»^x' " Vb*+x^ 

a pot^itive result : or the value of x corresponds to a 
minimum. 

(8.) If we have the function 
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then we find by differentiating 

dx 
and^ = 60 (5;r*-4a:3 + 3^_2a?). 

The first differential coeflScient is easily resolved 
into its factors : the variable part of it may be written 

which is readily seen to be the product of 

a^{x^\){x'^l) 

= a?»(a?-l) (a?+ V3]) (a?-^/■^l): 
which will become =0, if we have 

±ar = 0, a? = l, a:=-v'iri, or, ar= + ^^. 
The first gives «e = 20 ; 
but it makes :j— = 0, which is neither + nor — , and 

it consequently gives neither a maximum nor a mini- 
mum. 

The second value gives 

M = 10-12 + 15-20 + 20 = 13, 

and makes -— = 60 (5—4 + 3—2), which is evidently 
positive, and therefore gives w = 13, a minimum. 

The third and fourth values substituted in -=— , since 

(ix^ 

that expression contains odd powers of a:, will give a 

result containing imaginary quantities, from which we 

can determine nothing as to maxima or minima* 
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(9.) We will here advance to some general consi- 
derations relative to the values of all algebraic func- 
tions which belong to maxima or minima. 

If we have a function such that its first differential 
coefficient is resolvable into simple factors, with unequal 
values, or 

-=-=(a:— a) (a?— S) (a?— c) (x-'d) &c. 

whose roots are a, J, c, d^ &c. which have their mag- 
nitudes in the order of the letters, then when a? is 
made equal to any one of these roots, we may have a 
maximum or minimum. To find which it will be, we 
proceed to the second differential coefficient, which is, 

+ [ (x-^a) {w—c) {x^d) &c. ] 

+ [ (a?-«) (a?-&) {x^d) &c. ] 

+ &c. 

Now when x is made successively equal to each of 
the roots, we find that the sign of the whole will differ 
at each substitution : thus the supposition 

0? = a gives («-i)(a-c)(a-e?)&c.= ( + )( + )(+)&c,= (+) 
x^b. . .(J-a) (J-c) (J-rf) &c.=(-) (+)( + ) &c.=(-) 
a?=c...(c-a)(c-i) (c-e?)&c.= (-) (-) (+)&c.=( + ) 

&C....&C =(-)• 

We thus see that the real^ unequal^ roots of the 

equation 3- = substituted for x in the order of their 
ax 

d'u 
magnitudes in the value of ^=— , give results ultimately 

ax 
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positive and negative ; and will consequently make u 
alternately a minimum and a maximum, beginning 
with the first. And if there are m real and unequal 
roots, there are m maximum or minimum values of the 
function. 

When the equation has equal roots, the investiga- 
tion is less simple ; but we may explain it in the fol- 
lowing manner : 

First, let us suppose that the equation ;7- = has p 
equal roots, or that we have 

Then we find by differentiating again. 

And we shall not have a result which does not vanish 
when a? = a, till we come to the differential of the order 
{p + 1), in which the index is^— ^=0, giving 

If p be an even number, this differential is of an odd 
order, and therefore belongs to neither a maximum nor 
a minimum. If p be an odd number, this differential 
is of an even order ; and its sign will evidently be po- 
sitive, or it corresponds to a minimum. Thus if the 
first differential co^cient has an odd number (p) of 
equal rootSy the function admits of only one minimum 
value. 

Next let us take the case when there are two sets of 
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equal roots, or p roots equal to a, and q roots equal to 
b ; that is, let 

ax 
Then differentiating again we find, 

Z_r =zp{a^^a)^'{a;-by + {x-ay q{x-by-' 

do^^\+p{^-(iy~'" q{x-by-' + {x-ay q{q-l){x-by^ 

And continuing in this way we must proceed to the 
differential coefficient of the {p + l)th order to have a 
result, one term of which will involve (a?— a)*' = l, 
which will not vanish when we make ^ = a, but all the 
other terms will, since they involve powers of {x-^a) 
whose indices are greater than 0. This result will be 
of the form 

and when we substitute a; = a this becomes 

=i> (i^-1) ...3.2.1 (1) («-*)«. 

And since by supposition a>i, this will be positive: 
and p being an odd number, the (jp + l)th differential 
is of an even order, or the value belongs to a mini" 
mum. 

In like manner the (5'+l)th differential coefficient 
will give a result, one term of which involves (a:— i)% 
and all the rest containing higher powers will vanish 
when a? = 5. The result will therefore be of the form 

^ = ^(^-1) .... 3.2.1 (l)(ar-a)'. 
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which, on substituting a:=ft, becomes 

=5^ (^-1) • • • 3 . 2 . 1 (1) (ft-a)'; 
but since h<a^ and p is an odd number, this result 
will be negative: or the value x^h belongs to a maai' 
mum. 

We might proceed exactly in the same way if we 
had a greater number of factors containing equal roots : 
and we conclude in general that there is one value cor- 
responding to each class of factors^ which will hehng 
to a maximum or a minimum^ according to the condi- 
tions above stated. 

If the equation contain imaginary roots, the result 

of the substitution of these values gives an expression, 

d^u 
involving imaginary terms, for -^-^ ; from which we can 

infer neither a maximum nor a minimum. 

(10.) To investigate the maxima or minima of the 
transcendental function, 

In order to get the differential coefficients we take 
log. tt=a: log. or, 

and thence, 

d.\og. u=zx.dlog. a: + log. x.dx; 

du dx , ^ J 

or, — =:x — +log. X .ax 
x' X 

.•.^ = af(H-log.a:). 
ax 

Let this be written = v ; then to find the second dif- 
ferential, 

log. v=zx log. X + log. [1 + log. x"] 
d log. v=xd log. x + dx log. x + d log. (1 + log. x) 

D 
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V X 1 -f log. X 

dx 

— — -^ 7 = ^^ (1 +log. x) + ^ 

af(l+log.a:) l+log.o: 

^ = ^+af(l + log.^)'+l. Lti^ili^ 
dor* rfo? X l->r log. ^ 

= af(l+log. a?)«+l. 

Then to find the maximum or minimum values we 
must have 

^=af (1+log. ^)=0, 

which requires either a?*=0, or 1+log. x = 0. The 
first value makes a:=:0, and also renders 

d'u ^ 

and it will be easily seen that all the successive dif- 

1 

ferentials will involve the powers of-, and will conse- 

X 

quently all become infinite when a? = 0. Hence this 
value gives neither a maximum nor minimum. 
The second gives log. ^= — 1, and therefore 

log. 1 = 1. 

X 

Whence - = €, and x=: -. 

X € 

With this value -j-^ = + f^ which being positive gives 
cix 



: = (iy=a 



mmimum. 



Or we thus find the number x, which has the least 
jith power, - 
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(11.) In a somewhat similar manner we may solve 
the problem, to find the number x whose xth root is 
the greatest possible. In this case we have 

I 

or, taking the logarithms, 

log. « = - log. a:, 
a; 

Whence by differentiating 

du dx , ^ ^ 1 dx 

— = — — log. X '\ 

« a?» XX 

X' 

du (--0/-. 1 \ 
To make ^ = ^^ either a: = 0, or log. ;r = 1 and 



.a: = f. 



The first value makes ^ = 0. 

The second gives it = €V7""^)[0 - 1], or makes the 

second differential negative ; consequently a? = e gives a 
maximum value of the function. 

(12.) Another function of the same kind is 

X 
U: 



log. 0? 
D 2 
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Whence u log. x=zx, and -= 

X log. X 

du log. x + u — =:dx 

X 



,du. 




log. 


x-1 








dx 


log.* 


(log- 


xy 








d'u 


(log. X 


)'i- 

iP 


.(log. «- 


•1)2 


log. 


1 

X - 
X 


rf' 


^2 -log 
X (log. 


. X 

xf 


(log. a;)* 








To have 




log. 


a?=l, orar = 


= €. 




This value 


gives 




_2-l 

■ J 
e 









a positive value ; consequently a? = € belongs to a mini^ 
mum^ or we have the solution of the problem, to find 
the number which hears the least ratio to its loga^ 
rithm. 

These, and some other remarkable properties of the 
same kind, are demonstrated by Euler, DifF. Calc. II. 
272, &c. 

(13.) Let u = siu. X cos. (a — x) ; then we have, 

--- = cos. X cos. (a— a:) +sin. x. sin. (a-^x) 
dx 

= cos. [a: — (a — x)"] = cos. [2x — a] 

d'u a ' /ck \ 
-=-^ = — 2 sm. (2a: —a). 

The first differential = 0, if 
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a 7F aw 

a: = -+-,or - — - 
2 4 2 4 

This first value gives the original expression 
^ = «i'^-(| + pcos. [a-(|+^)] 

= sin.i(a + ^) cos.i(a-^) 

=i(sin.a + sin.0 

Also the second differential has its sign dependant on 
that of (2^^ a) : which in this instance 

2 2' 

the sign of the whole is therefore negative: or this 
value belongs to a maximum. 

If we take the second value of a:, we shall find by a 
similar process the original expression 

l^sin. a 
u = ; 

2 
and the second differential in this case becomes 

-2sin. (-^), 

or is positive : it therefore belongs to a minimum. 



b3 
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MAXIMA AND MINIMA OF TWO VARIABLES. 



(1.) To divicfe a quantity a into three parts; a:, y, 
and a— <a:— y, such that the product af^y^ (a-^x-^yY 
shall be a maximum. We have therefore 

w = a:*" y** (a— a: — y)^ 
And differentiating in respect of a?, 

(JLX 

and making this = 0, we have the factor 

j-^m-i yii (pia-^mx—my^px'] = 0. 

In like manner differentiating in respect of y we de- 
duce by the same process, 

^=(«y*-'a?'" («-ar-.y)-a?'"y"^) (a-oj-y)''-' . 
rfy \ / 

Whence y**"" ' a?*" [na -nx-^-ny -px^ = 0. 

Then since in these two expressions the factors in- 
volving the constants are each = 0, their sum is also 
= ; or we have 

ma-mx-my-px + na- nx-ny—py = 0, 

and 

ma + na=zmx +px+nx + my + ny+py. 

Hence 
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or, ma^{m -^p + n)x=zna—{m + n +p) y, 
and each of these being = 0, we deduce 
ma na 



fn + n -\-p m + n -{-p 

and therefore ' 

flj— ^ — y = i £_i 

m + n'\-p 



m'\-n+p 
or for brevity writing the denominator = 9, we have 
ma na pa 

9 9 9 

And to discover whether these values belong to a maxi- 
mum or a minimum, we must substitute them in the 
general expressions of 

d^u d'u d^u 

dx * dx dy dy * 

To obtain the differential coefficients of the second 
order we take the value of the first : 

— = {af-'^ (a -T^ —y)^"' ) yvia ^nx^my —pxjy''. 
Whence we obtain, in respect of a?. 



d^u_^ 
dx^ 



Um—\) a?*"-" («-a:-y)^"'-a:"*""'(jt)-l)(a-.a?-y)P-A 
(y**) {ma^mx—my—px) 

L +a:'"-"'(«— ^-y)^*"'y" {—m—p). 
Hence substituting the values of a?, y, and a—x—y^ 
and observing that the factor 

D 4 
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(pa ma\ ^ 
m ^ — p — j = 0. 

The expression becomes^ 

And in like manner differentiating for y. 

And again differentiating -7- in respect of y, we have 

ctx 

+ 0?"*-' y* (a-or-y)''-' ( -»i) ; 
which, substituting the values of a?, y, and a—x^y 



becomes 

d'u 



= — jw 



/«»a^"»-Y^«^ "/p^V""' 



Of these expressions the first and second are those de- 
signated by A and C, and the third by B, in the general 
investigation of maxima and minima of two variables, 
[Application of Calc. to Curves, p. 268] ; and it is evi- 
dent that A and C have both the same sign, and are 
negative : and we have also the condition that AC 
> B^y since 

^c= (« .p)C +p) . ("^)-(^)"-(f )""". 

and 

which is easily put into a form in which it may be 
compared with AC hy writing it 



Digitized by VjOOQ IC 



QF TWO VARIABLES. 41 

_ ^ q na /w^aV'"-' /nay"' /paV^"^ 
'ma q'^q^ ^q ^9 

Thus we have only to compare the factors 

{m +p) {n +p) = mn ^pq ; 

, m'q n a 

and — 2 = mn ; 

maq 

or we have evidently AC greater than -B*. These 
conditions then being fulfilled by the values above 
found for ;r,y, and a— a:— y, it follows that they cor- 
respond to a maximum. 

(2.) To find the maximum and minimum values of 
the function 

w = j^-8y3 + I8y»^8y -h a?3-3^-3a:. 
Here, differentiating in respect of y, we have 

^ = 42^-3.8.y» + 2.18y-8: 

or we may take 

y3-6y'-f9y-2 = 0, 

which is easily resolved into its factors by observing 
that it may be written 

y3_6y' + 12y-8-3y + 6 = 0, 

which = (y-2)3-3(y-2) = (y-2) ((y-2)»-3) ; 
or the factors are 

and (y-2)'-3 = [(y-2) + v/l] [(y«2) - ^/3]. 

Again, differentiating in respect of x^ we find 

$ = 3a:'-2.3.a:-3, 
ax 

or, a;»-2a:-l=0. 
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This is evidently 

= (ar-l)'-2 

Thus the values of y for maxima or minima are 

y=2, 1f=2+^^3, y=2-V3, 
and those of x, 

«=l+v'2, a;=l-^2. 
Proceeding to a second differentiation in respect of 
y, we have 

and, in respect of z, 

^=6a:-6 . . . (C.) 

But we cannot differentiate -=- in respect of x, since it 

in this case involves no function of x. Then we must 
write 

dy dx" 

If we now take y=2 and substitute in (^), we shall 
readily find 

In like manner substituting a? = 1 — \/2 in (C), we find 
C=«6a/2. 

Hence A and C being both negative, and AC ob- 
viously greater than -B% these values correspond to a 
maximum : or substituting them in the expression for 
w, we shall find on expanding the powers and multi- 
plying the terms, 

« = 3 + 4V^ 
for a maximum value. 
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Again, if we take the value y = 2— V3, or=:2 -i- \/3, 
in either case it will be found that the value of (A) 
becomes by substitution 

(^) = 24. 

If we take also a: = 1 -h ^2, we shall find in like man- 



ner 



(C) = 6^. 
These results being both positive, and AC>B^a.s be- 
fore, they belong to a minimum ; or substituting in », 

tt=-6-.4v'2 
is a minimum value of the function. 

If we take y = 2 ± VS and a:= 1 — \/2, we shall have 
as before _ 

^=24, and C=-6'^2, 

where the signs being, different, these values give nei- 
ther a maximum nor a minimum. 
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VANISHING FRACTIONS. 



We will here subjoin a few examples illustrative of 
the theory of vanishing fractions, in addition to those 
given in the former part of this work. 

(1.) The value of the fraction 

{x'—a')^ 

when a:=a, cannot be found by the differentiation of 
the numerator and denominator, it being obvious that 
by that process we should only obtain a continued 
series of powers of the binomials, which would all 
vanish on the supposition x=ia\ we must therefore 
proceed by substituting x=a + /I, and developing. 
Whence we have 

which when ^=0, or when a:=a, becomes 

= (2a)*. 

(2.) In like manner, if we wish to find the value of 

the fraction 

1 ' 1 ] 
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when <r = a, we must proceed by substituting {a ^h) in 
the place of (a:), when the expression will appear under 
the form 

\/a + A — v^a + a/ A 



which, by expanding the square root of the binomial, 
becomes 



v'A A/2a + h ^ 
Or (dividing by ^h) it is reduced to 

^ fl""^ \/h 4- &c, + 1 



which when x—a^ov when A = 0, becomes 

_ Jl 

(3,) The transcendental function, 

af — x 1—1 

, when 0? = 1, becomes- 



l-.a: + log. a:' 1-1 + 

To find its value, let ^ = 1 + A ; 
then the function becomes 

l«(l+A)+log. (1+A) log. (1+ A) -A 

Developing the first term of the numerator by the 
binomial theorem, it becomes 

1.2 
or the whole numerator will be 
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l + (l+A)A+lLt^A'+ -(l+h) 

= l + {l+h) (k-l) + &c. 
= 1+A'-1 + &c. 

1.2 

And for the denominator taking log. (l+h) by the 
formula, (DiflF. Cal. form 26.) 

log. (1 +h) =:h — -^h' + -^k^— &c. 

and the whole denominator is — -^h' + -^h' — &c. 

hence the whole fraction 



u — 


1.2 


&c. 


1 




&c. 


which when k = 0, 
(«) = 


-4-+J-A- 
becomes 

1 . i\ 


-2 
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ON THE CONNECTION BETWEEN LOGARITH- 
MIC AND CIRCULAR FUNCTIONS. 



(1.) Between these two classes of transcendental 
functions a remarkable and intimate relation subsists, 
which we shall proceed to explain as follows : 



Let y = sin. a?, whence v^l — y' = cos. x. 
Then by differentiation we have, 



r = ^/l— y> dx. 



and d\/l^y^=: ^ydx. 

Multiplying the first of these equations by ^ — 1, 
it becomes. 



and adding this and the last equation, they give 



d^l — y'-f.\/ — 1 . dy=z (\/l— y" . \/ — 1 — y) dx\ 
which may be written, 



d {^/l^y' + ^^-l.y)^ (v^l •-^y' + ^^Z\ . y) ^fZTi dx, 
whence we have. 



vT-y +V-1 . y 

But the first member of this equation is evidently the 
differential of the Napierian logarithm of the quantity 
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or we have, 

log. (\/T^» + v'~l.y)=v^^.^; 

whence, expressing the quantities by their trigonome- 
trical designations, 

COS. 0? + '/ — !. sin. x^^"^"^ (1) 

If we had taken x with the negative sign, the same 
process would have given us 

COS. x — aJ^1 sin. ^ = €~*'^"' 
Adding this equation to the last, we have, 

cos.a: = i_^ll_- . (2) 

And subtracting. 



V — 1 sin. 0? = - 



« \/ — I — 4P \/— I 

or, sin. ^ = — (3) 

(2.) These formulee might also be deduced in an- 
other way, by assuming the developements of sin. x 
and COS. x^ and comparing them with those of €* '^"^ 
and r*'^~^. This was in fact the method followed 
by Euler, who originally investigated these remark- 
able formulae : [Mem. de FAcad. de Berlin, vol. VII.] 
the method given above is adopted by Lagratige, 
[Calcul des Fonctions, le9on X.] who characterizes 
these theorems as amon^ the most beautiful discoveries 
of the age. And so in fact they may be justly re- 
garded, whether we consider the elegance of their 
form, the singular nature of the relation exhibited, or 
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their numerous and important applications; some of 
which we shall now proceed to consider. 

(.?•) One direct and important deduction from these 
formulae is as follows : since is may represent any arc, 
let it be replaced by nx^ then we have in form (1), 

g+n* ^-, __ ^,Qg fix±'^ — \ sin. nx. 
But it is also evident that 

which is therefore = (cos. a? ± a/ — 1, sin. xf ; 
whence we deduce, 

(cos. ;i? ± v/ — 1 sin. cr)" = cos. war + V — 1 sin. nx . . (4) 

This formula was discovered by De Moivre, and has 
very extensive applications : in fact, in this and the pre- 
ceding formulae almost the whole science of analytical 
trigonometry may be said to be included. For a com- 
plete view of this subject, the student is referred to 
Hind's Trigonometry, ch. vi. ; or to Lardner's, part iii. 

(4.) We will here give the application of De Moivre's 
formula for expressing the sine and cosine of multiple 
arcs in terms of the powers of the sine and cosine of 
the simple arc ; which is effected as follows : 

If we take the formulae, 

(cos. ;i? + '^ — 1, sin. xy = COS. nx + ""^"^-i, sin. nx, 

(cos. ^ — v' — 1, sin. j:)'* = cos. w;i? — v^l, sin. nx, 
and expand the first side of each equation, we have, 

COS." a: H- n cosJ*^^x^^ — 1, sin. ^ 

+ ^'^"\ cos.'^^o? ( - 1) sin.»a:+ &c. 

cos."^ — » cos.*"'j?\/ — 1, sin. x 

-h^-l^^,cos.'^"^(-l), sin.»;ir-&c. 



E 
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Adding the two formulae, we find, 

2 cos.na; = (cos. j? + ^ — 1, sin. ;»)•'+ (cos.a? — \/ — l,sin.ar)'* 

and substituting the expansions, adding them, and di- 
viding by two, we obtain, 

cos.«a; = cos.*.r cos.'*^'a;sin."a;4-&c. ... (5) 

And subtracting, 

2a/ — 1 sin. »a: = 2v^ — 1 wcos.*^'^ sin. ^ 

2 ^ ^(^^^)(^^~^)cos."-3 ( _ i)A sin.^o: + &c. 
2.3 ^ ^ 

whence, 

sin. »;i: = » cos."'' a; sin. <r 

— — ^ ^^-^— ^ cos.*^^ sm. ^x + &c (6) 

2.8 ' 

(5.) These formulae also enable us to find the deve- 
lopement of cos. *"^ in terms of the multiple arcs, with- 
out employing the powers of the sine and cosine. For 
this purpose, let us assume 

COS. X -h sin, a^^ — 1 = m (7) 

cos. 0? — sin. W — l=t? (8) 

These equations being added, give 

cos. 0? = - («+«?) ; 
2 

and consequently 

cos, "*a? = — (u + «?)*", cos.*"^ = — (v -^ uT ; 
developing these binomials, we obtain 
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COS." x = — («*" + mvr-^v + m . ^^^- «"-" v* + &c.) 
COS." a; = — (»"* + »M>"~'« + m . ^Z— »**"'«* + &c.) ; 

and adding these equations, we find 

2"+' cos.^a; = «'» + »'" + muv («""" + »"-') 

+ »^ . ^ZlL tt'fj' («'»-♦ 4- »•»-♦) + &c. (9) 

But from the formulfe (7) and (8) we deduce 

«"• = (cos. a;+ '^^^-l sin. x)"^, v^ = (cos. x — sin. orv^ — 1)"*, 

and substituting on the second sides of these equa- 
tions their values given by the formulae (2) and (6), we 
have 

«*" = COS. mx -h sin. mx^/ — 1> 1 qq^ • 

r*" = cos. wo? — sin . w^v^ — 1 » ) 

whence adding these expressions^ 

i^« _|. ijm _ 2 cos. mx^ and M*"t?"* = 1, 

and consequently 

«f7 = l, 

^m-a ^ ^».^s _ 2 COS. (w - 2) X, w"^' f?"*-* = 1, 
i/»^4 ^ |;«-4 - 2 COS. {m - 4) 0?, vT^^ r"*~* = 1, 
&c. = &c. &c. 

Substituting these vaUies in the equation (9), we shall 
find 

COS."* X = — -- [2 cos. mx + 2m cos. (m — 2) ^ 
+ S,m S"^~^^ cos, (ot -4) a? + &c.] .... (11). 

1 . <« 

£ 2 
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By a similar process we may find the developement 
of sin. '^x: for this purpose, subtracting the equation 
(8) from the equation (7), we obtain, 

and therefore sin. a = - " 



and raising the two sides of this equation to the power 
m, we shall have 



sm."* X = ■ 



?^|yJi(«-^r. 



(2V~ 
Now if m be equal to an even number 2p, we have 

whence 

Then developing the equations 

and sin."'^? = /g^— ^xm («? -«)^ 
and proceeding as we did above, we shaU find 
sin."** = 7-^-7= — v^ (cos. mx — m cos. (m — 2).r 

•If 1 

+ m , cos. (wi — 4) a? — fccl ; 

the imaginary quantity S'^— 1 being raised to an even 
power will disappear. 

If m be equal to an odd number 2p-f 1, we shall 
have 
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(u^vy^-^' = (u --'vy X (w -«?) = {v-uy^ X - (l? - W) 

whence 

{u — v)"^ = — (t? — m)*, 

and 

sm.^x = -i^^-^ff^, sin.^r = , ^^ 7!^ . . . (12) 

(2>v/-ir (2^/-l)'» ^ ' 

developing (w — t?)"* and (t? — m)"* by the binomial theo- 
rem, and substituting these developements in the equa- 
tions (12), added together, we shall have 

2 sin.*"ar = - — L,^_[M*"-t?'«-«i . uv{u"^'-^v'^') + kc.']{l3) 

Subtracting then the equations (10) fipom each other, 
multiplying the same equations together, and observ- 
ing that the second operation gives us the sum of the 
squares of the sine and cosine of mx^ which is equiva- 
lent to unity, we shall find 

^m _^m _. 2 sin. mx^ — 1, W^v"" = 1 ; 

and proceeding therefore in the same manner as before, 
we shall change the equation (13) into 

sin.~^ = Q /Q . — v^_3 [sin. mx — m sin. (m — 2)x 

, m . (w^ — 1) . , ^v fi n 
+ 1— ^ sm. (wi — 4) a' &C.J 

Since, on this hypothesis, m is odd, the power «i— 1, to 
which the quantity 2\/-l is raised, will be even, and 
the imaginary quantity will consequently disappear. 

(6.) Another application of these formulae is to the 
discovery of the factors of binomials of the form 
dr"Hha**: an inquiry which becomes necessary in the 

E 3 
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integration of rational fractions, first made by Cotes in 
his Harmonia M ensurarum, and subsequently extended 
by De Moivre. 

If we make ^ = «y, the function af±a'' is trans- 
formed into a" (y**±l)» and for the resolution of this 
quantity into its factors we have to solve the equation 

y«4:l=0. 

Now if we take an arc ss^ and suppose 

y" = (cos. » + V— 1 sin. «)% 

this, by what has preceded, is readily seen to be 

= cos. nz±s/^l sin. 7iz. 

And since, i( m he a whole number, we have 

sin. »iir = COS. mv= ±1, 

(the sign being + or — according as m is an even or an 
odd number :) then if nz become = mir, we shalt have 

Hence we see that the value 

y = cos. «+\/— 1 sin. 2 (14) 

satisfies the conditions of the equation, when for ss we 

substitute its value derived from the equation nz = mv, 

Mir 
or 2 = — 
n 

But it will be more convenient to adopt a notation 
which shall distinguish the odd from the even mul- 
tiples of v. For this purpose we will write the even 
multiplier = 2m, and the odd =^ 2m-^l, or suppose nz 
successively equal to 

2mir, or to {2m -f 1) ^r, 
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Thus the expressions become for. even values, substi- 

tutmg for « = , 

n 

y"=-hl, y=cos --h^/_lsin. * 

n n 

and for the odd values 

^"=-1, y = cos. ^i ^1-Z-+ V_i sin.^— -^-^ ... (15). 

By substituting successive whole numbers for wi, we 
shall have a series of values for y in each case, which 
give the factors of the first degree of the quantity 
(y« — 1), which are all comprised under the two gene- 
ral imaginary expressions. 



/ 2w^w^ , — - 
( y -COS. ) - ^/-^ 1 

/ 2wi9r\ , , 

(y— COS. )+>/ — 1 



sm. 
n 



sm. • 

n 



And the product of these, which is easily found to be 
y' — 2y cos, -f 1 .... (16) 

comprehends all the real factors of the second degree. 

In the same manner for the quantity y**"*"' the real 
factors of the second degree are comprised in the ex- ^ 
pression 

y«-2ycos.(^^±llf-l .... (17) 
n 

For example ; let us take the quantity {y^ — 1), or 
w = 6. The factoi's of the first degree will be obtained 
as follows by making successively 

£ 4 
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^ , . i^ . f y — (cos. + v^ — 1 sin. 0) 
!» = O9 which gives s _ _ i "~ 

(2ir / . 2»\ 
COS. _ + V — 1 sm. -|^ I 

ni = 2 y-\^cos. _ + v^^i gin. g^ j 

^ = ^ • • • • jory-(cos. 7r±^/^ sin. tt) 

L=y-("i)=y+i. 

With this value of m the series terminates, since by 
going on we should only have the same values recur- 
ring. And in a similar way we have the factors of 
the second degree, arising from the products of the 
imaginary factors of the first degree, 

y*-2ycos. -^+1 
o 

4ir 
y'-2y COS. +1. 

whilst the factor of the second degree, which is the 
product of the real factors (y — 1) and (y+l), is ob- 
viously 

In a similar manner for the case y^ + 1, we have the 
simple factors 

y-Gos.g + ^r^l sin. ^) 

y- \^cos. — ±a/_i sin.-g j. ory + ^Z-i 

/ Sir , . 5v\ 

y-^cos. — ±V^1 sin.-g-;. 
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And the factors of the second degree 
y'-2y COS. ^ + 1 

y' + i 

5v 
y'-2y COS. -g +1- 

(7.) The same mode of solution is also applicable 
to functions of the form 

For this expression being solved as a quadratic, we 
shall have the two factors included in the form 



which will be real, it p^>q : and in that case, if we 
make 



we shall have these factors in the form 

which are then again resolvable into their factors, as 
we have already seen. 

If we have p^ < q, by writing 

j9 = a« g' = /S'* ^ = /3y, 

the original form becomes 

But the condition p^ < q, that is, a*" < /3'% gives 

a" < )8", or — < 1 . This fractiop may therefore be re- 

presented by the cosine of a given arc S, and the pro- 
posed function will be reduced to 
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and we have only to resolve the equation 

y'"-2y**cos. S-fl=0. 
Whence we find immediately 

^" = 008. S+ ^~1 sin. 8 ; 
and comparing this with the formula 

y** = cos. W2 + V — 1 sin. wss, 
we have cos. n% = cos. 8. sin. n% = sin. I : 
which conditions are fulfilled, if we suppose 

where m is any whole number : since 

COS. (2«iir — S) = cos. 8. sin, (2w9r + 8) = sin. 8. 

Hence we have 

2wiw + 8 

and 

y = cos. (__ j± ^^-1 sm.(^__). 

And the factors of the first degree of the function 

y^ — 2^** COS. 8 + 1 
will consequently be comprehended in the formula 

y.^cos,(— ^)±^/-.lsin.(— ^j) .. (18). 

If we had assumed the original expression with a 

different sign, or 

0?"" + 2pa;'* + g = 0, 

we should still assume 

— =cos. 8; 
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but we must take 

yan _ 2y» ^^^ (w — S) H- 1, 

Since COS. («■-&)= —cos. S. 
Hence there will result 

COS. nz== COS. (w — S) sin. ^%=:sin. («■ — S), 

and consequently 

For a full account of this subject the reader is re- 
ferred to Lacroix's large treatise. 
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ON THE DEVELOPEMENT OF FUNCTIONS. 



(1.) The differentiation of exponential functions 
being supposed established, and assuming that they 
may be developed in a series of powers of x^ we may 
obtain their developement without Maclaurin's for- 
mula. 

We will give only the process for thus obtaining e', 
which will suflSciently exemplify the method : it is 
precisely similar to that used in deducing Taylor's 
theorem. 

Let €* = 1 + flro: -h ix' + ca?3 + &c. 
then _. = ef = « -f ^hx + 3ca?* -f &c. 

CvX 

and equating coeflScients we have 

a = l, = -=: , c = - = , &c. 

2 1.2 8 1.2.3. 

or, e' = 1 -f ^+ H- -f &c. 

1.2 1.2.3 

(2.) The following is another instance in which the 
process of differentiation is applied directly to the de- 
velopement of a complex function. 

Let i?=a-i-i4: + co:' 4- rfor^ H-&C. . . (1). 
Where the coeflScients are known : 
and u = e". 
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which it is required to develope in a series of powers 
of X, with coefficients which are functions of «, i, 
c, &c. 

First, since dv=. — 
u 

, du dv 
we have-r-=w -^. 
da; da; 

Then, in order to develope «, let lis assume the foUoi^- 
ing undefined series with indeterminate coefficients, '" 

u=iA'^Bx + Caf + Djfi + &ic. . . . (3). 

We may proceed to determine these coefficients by the 
following process ; 

Differentiating equation (3) we have 

$' = 0H-fiH-2Gr + 3Da?^ + &c. 
dx 

In like manner from equation (1) 

$=0 + i-h2cj? + 3rf^ + &c. 
dx 

Hence we have only in the form (2) to substitute 
these values, and the second side of that equation be- 
comes 

tt^=[^-h^a:-hCr» + &c.] [fi + 2ca? + 3rfa:' + &c.] 
dx 

Ab + Bbx + Cbai''-'&cc. 

= < + ^Acx H- 9^Bcx^ H- ^Ccx^ + &c. 

+ SAdx^ + ^Bda^ + 3 Cdx^ + &c. 

This series is therefore equal to 

$? = S + 2Gr + 3Z)a?' + &c. 
dx 

Hence equating coefficients, we find 
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Bb+2Ac=2C 
Cb + 2Bc + 3Ad=3D 
&c. = &c. 

By making x = the value of v is reduced to v — a, 
and consequently, 

e'' = A. 

Hence we have the coefficients 

Br=('b 

fy_ e'b'' + 2e'C 
2 

((''b+2e'c)b 

5 — —+2t'bc + S('d 

D= — ^ 



3 
&c. = &c. 

or we obtain the developement, 
^ 1.2 



e'b'+6('bc+6e'd ^o 



^ 1.2 1.2.3 / 

In some complex functions this method is employed 
with advantage. Lagrange has applied it to obtain 
series for sin. nx and cos. nx in powers of sin. x and 
COS. X. [Calcul des Fonctions Lemons 10, 11.] Other 
series are investigated by Euler in this manner. [Diff. 
Calc. part II. cap. viii. art. 207.] 

(3.) Some of the principal developements may be 
considered in the following point of view : 
If we assume the following series, 
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^ 1 \. +&C. 

1^1.2 1.2.3 

«? = 1 + &c. 

1.2 1.2.8.4 

1 1.2.3 1.2.3.4.5 
^ a?" j?3 /,;4 
^ = l"^2-^3-^4-^^" 

112 

we may make the following inferences by the mere 
application of the principle of differentiation : 
(1st.) Differentiating the series for «, we have 

auz=dx+ h +&C. 

1.2^1.2.3 

dU X X' , n 

dx 1 1.2 

di£ 
When dx = — , and therefore x = log. ««, or « = e*. 

(2dly.) In like manner from the series for v and «r, 
we obtain 

dv , dw dv dw 

-7-= — «r, and-^ =«? .*. — — = — 
dx dx w V 

Whence ^vdv + ^wdw = 0, or these being respectively 
the differentials of t?" and 21?', we have 

t?" + «r= = l. 

And thence substituting in the value of dx, 

T dw 

^/l-w;^ 
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which gives 

X = sin. ■"' » and w = cos. ~' v. 
3dly. From the series for y we derive, 
dy ^x 3a^ 4iX^ « 

dx ^^23^4 

which is evidently the developement of 

„ ^ J dx —dil—x) 

Hence dy = = ^^^ ^ ; 

1—x l—x 

and therefore y = — log. (1 -x) =log. { \ 

4thly. From the series for « we obtain 

<for^^2 '^ 1.2.8. 

Oi" multiplying each side by (1 +x.) 

= /xA +«y-f jtitJ:'— J^-hjt^'— ^+ ^ ^ x*^ 

= /x('l+/iur4- ^'^""'^ ^'H-&c.) 

= /*(«) 
Hence we have 

and therefore . . . » = (l+«r)^ 

We may easily see that the three first of these series 
are always converging ; and the two last, when x is less 
than unity. 
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In the first series, since the denominators receive an 
increasing factor at each term, it is evident, that if the 
denominator of any term be rf, that of the next re- 
ceiving a new factor J9, will become dp ; that of the 
next will be dp (j»+l); which will be greater than 
dp^ : and the next, ov dp {p-\-l) {p-{-^) will be greater 
than dp^f and so on. The numerators, on the other 
hand, increase only by the constant factor x\ thus, at 
some term, the denominators will begin to increase 
faster than the numerators, whatever be the value of 
o" ; or the series is always converging. 

This is true, a fortiori^ of the second and third series, 
in which the terms are alternately positive and ne- 
gative. 

It is also evident in the fourth and fifth, when .r is a 
fraction, whatever be the nature of /x.* 



ON TAYLOR'S THEOREM, &c. 

(4.) Considerable discussion has arisen respecting 
the generality of the theorems of Taylor and Maclaurin. 
To enter into a detailed account of the various inves- 
tigations which have been made by analysts on this 
subject would carry us beyond the proper limits of an 
elementary treatise. But perhaps the following general 
observations may tend to place the subject in a suffi- 
ciently clear light to satisfy the inquiries of the stu- 
dent. 

* These elegant deductions were communicated by the author of 
" the Theorems of Taylor and Maclaurin in a finite form." Oxford, 
1830. 

F 
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In the investigations of these theorems, given in the 
former part of this work, and in most elementary trea- 
tises, the developements are deduced in a general form 
without any particular limitation as to the values they 
may assume in particular cases, or as to the number of 
terms to which they may extend. Such developements 
may consist either of a finite or an infinite series of 
terms ; and in the latter case may be either divergent 
or convergent ; and if convergent, either slowly or ra* 
pidly so : and thus for the application of such forms to 
obtain numerical results, it is of course understood that 
they may give such results either accurately, or ap- 
proximately, or not at all. Again, if we have a finite 
series, it may still happen, that by assigning some par- 
ticular value to the variable, the developement may 
fail : as for example, some of the differential coefficients 
may become infinite, and the formula then gives us no 
real developement. 

To take one of the instances often adduced ; if we 
wish to develope 



we have by differentiating, the first coefiicient, 

^ = — ; and so on successively, 

dx 3.(a?-a)^ ^ 

and the developement will be 

This holds good in general : but if we suppose x to 
become =a, the first term of the developement be* 
comes =0, and the second infinite, and the process 
will therefore for this particular case give us no result. 

When we attempt to apply the general theorems to 
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particular cases, it becomes evident, whether any such 
failure is involved. But it is objected that we assert uni- 
versally the truth of the equations which constitute 
these theorems, without any limitation ; and the ordi- 
nary proofs given of them are also unaccompanied by 
any such limitations, and both are therefore fallacious. 
The assumption that the function can be expressed in 
a series of ascending powers of a? or of A, has been said 
to be unwarrantable, and the form of the resulting ex- 
pression such as asserts universally an equality, when 
in many cases no such equality really subsists. Hence 
some writers have employed themselves in investigating 
proems in which these defects shall be avoided, and in 
exhibiting the theorem in such a form as shall include 
an indication of the precise extent to which it applies 
in every case. Such an investigation has been given by 
Cauchy in his " Infinitesimal Calculus :" it will how- 
ever be unnecessary here to insert it, since a demon- 
stration, in substance the same, accompanied by several 
important remarks, is accessible to all our readers, 
having been published in an anonymous tract entitled, 
" the Theorems of Taylor and Maclaurin in a finite 
*^ form : Oxford, 1830." An investigation with which 
it is presumed the most scrupulous inquirer must be 
satisfied. 

But perhaps the difficulties may admit of being re- 
moved, and the question placed in a similar point of 
view, by only carefully considering how much is aC" 
tuaUy implied or assumed in the usual general state- 
ments and proofs of these developements, when treated 
as referring to the variable in an indeterminate value, 
and as being continued to an undefined number of 
terms, which may become limited or not, by the nature 
of particular cases ; and by regarding these theorems 

F 2 
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as referring rather to the form of the developement, 
than to its numerical equality with a value of the 
function; this being a more general relation, which 
may include under it, in particular cases, that of the 
sum of a series. Viewing the matter in this light, 
we shall use these formulae without being misled by 
our assumption to expect finite results in every case. 

(5.) We will proceed to some deductions and appli- 
cations which may illustrate the nature and meaning 
of these theorems for the developement of functions. 

Taylor's formula, by transferring to the first side of 
the equation the first term of the developement of 
f{x + A,) becomes the developement of the finite differ- 
ence of the function in its two values, corresponding to 
the values x and x-k-h. 

If we suppose the term dx to be represented by a 
finite quantity, and to be equal to A, the formula be- 
comes 

dy d'y d^y . 

whence we see in what manner the difference of the 
function corresponding to an increment h = dx^ is com- 
posed of the differentials of various orders relative to 
the same increment. 

In the applications of Taylor's theorem, it is often 
convenient to make the hypothesis A= — x, in which 
case it becomes 

-^/ \ j}/ix\ d^^ d^u x' d^u x^ o 

•^^ ^ «/v/ dxl^dx'1.2 dx'l.i.S^ 

(6.) We have before given, by the application of 
Taylor's Theorem, the developement of the sine and 
cosine in terms of the arc : we shall here take the in- 
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verse problem of expressing the arc in terms of its tri- 
gonometrical functions ; or, in other words, treating 
the arc as a function of the sine or cosine. This will 
of course be founded on the differentiation of the arc 
with respect to the sine or cosine which is immediately 
obtained from the former process : for if 

M = sin. ""'a?, 

we have cos. u = v^r—^ 

and from dx=:du v^F^Zx' 

we get du= ,__s =^ (1) 

And in the same way if u = cos. ~'a?, 

from dx^ —du^/x^x* 

we get du^ ; (2) 

Again, for the tangent, if « = tan.-'a?, 

from dx = du sec.'o? = rfw (1 + x^) 

weget '^" = (1^) ^^^ 

From these fundamental expressions we can readily 
proceed to the several developements of the arc in 
terms of the sine, cosine, and tangent. 

1st. Let u = sin.~'ir : 
Then we have 
du ,^ jv_j_ 

^= -1(1 -arO~*(-2ar) =x(l-x')~^> 
da? 9i> > \ I \ 

F 3 
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= {l-a:') ^-|r(i-;c') ^{-2a;) 



. — 4- 



= (l-ar') ^+3ar'(l-a?»)' 



rf% 8 



= --(1 -X') *(-2ar) + 2 . 3 . a;(l -a;') ^ + 



dx* 2 



3^'(-f)(l-^') ^i-2x) 



,.N-* 



= (3 + 2.3) a? (1-ar') " + 3 . 5a;3(i_;j.) 
|^-=9(l-.r'r^+9ar (-|) (l-ar')-^(-2a:) 
+ 2.3.5.a;(l-a;')^ + 3.5.a?«(-I)(l-a?')~*(-2d?) 



= 3.3.(l-ar'y 



"* + (2.3.5 + 9.5)ar'(l-a!')~^ ) 
+ 3.5.7 x*{l-x')~^ ) 



Making x = these coefficients become respectively 

1 , , 1 ,0 , 3 . 3 , &c. 
and we have the developement 

■^1.2.3 1.2.^.4.5 1.2.8.4:5X7 

2dly. Let u = cos.""'ar. 

We thence derive successively, 

du_ —1 
dx ~ '^i—a-' 

X 



— X 



dx' 1-a?' 
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^^ _ (1 -x'f + x.^{l -a^f{-2x) 
^ (1 -ar»)^ 

&c. = &c. 
When ^ = these expressions become 

i« = cos.""'0 = - 
2 

ax cte' dot? 

Whence Stirling's theorem gives us 

COS. '^=-- — - — — — &c. 

2 1 1.2.8 1.2.3.4.5 

Sdly. Again if we take 
ie=:tan."~'a: 
we find the several differential coefficients, 

^^iT^~^"^"^^^ 

^= -2 (t + a-)-' + &r'(l + ar»)-» 

^=4(1 +««)-»2a?-24c»(l +d;')-^.aa! + 16«(1 +ar')-» 
=24* (1 +a?»)-»-4&c» (1 +«»)-♦ 

^^ i 24(1 +«')"* + (-3)24.a;(l +«')-<2x 
*^ l-(3.4&c«(l+a:V + (-'*)48a?»(l+a;')-*2«) 

F 4 
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= 24(1 +x'y'-6ASx\l +^V + 8.48x*(l +ar')-^ 
&c. = &c. 
Making ^ = these several expressions become 

w=tan~'0 du_^ ^'^ — o 

dx dot? 

^^=-2 *!' = ^ = 23.3 

da? ax* dx^ 

or the developement will be 

tan.-'ar = + * + 0-— +0 + ^-^-'*^ +0-&C. 
1 2.3 2.3.4.5 

or tan "'a: = - — — + — &c. 
1 3 5 

The series for the arc in terms of the sine^ as well 
as those for the sine and cosine in terms of the arc, 
were discovered by Newton before the invention of the 
general theorems now made use of, in his tract entitled 
" Analysis per equationes numero terminorum infi- 
** nitas." 

The series for the arc in terms of the tangent was 
discovered by James Gregory in 1671, after a commu- 
nication of Newton's series for the sine and cosine. 

The series in terms of the sine is convergent in all 
cases, since x is always less than unity, and rapidly so 

when 0?=-, or when the arc=30^ By means of it 

Newton calculated the circumference of a circle whose 
diameter is unity to sixteen places of decimals. This 
series, with such a calculation to eight places, has been 
given at the end of the Integral Calculus, (p. 140.) de- 
duced by integration, and having the coeflScients in a 
form which is easily seen to be the same as that here 
delivered. 
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(7.) Gregory's formula, ianr'x = a + — — &c. 

affords a remarkable expression for the length of the 
half quadrant, and thence of the circumference of a 

circle. If for x we substitute 1, the tangent of -^ 
we have 

^ 1 11 ^ . fir. 

- = H + &c., 

4 1 3 5 7 

a series which is not however sufficiently convergent 
to be suited for calculation. But it was observed by 
Machin, that by dividing this arc into several parts 
whose tangents would be less than unity, we should 
have converging series for each. He fiirther disco- 
vered, that if we take the arc whose tangent is = -, 

5 

and that whose tangent is = — , we shall have 
^ 239 

V "^1 ~^ 1 

- = 4 tan. - — tan. — . 
4 5 239 

This is proved as follows : writing tan.""' ==«, 

5 

we have, 

2 

. ^ 2 tan. a 5 5 

tan. 2a = = "^ == --, 

l-tan.'a i 12 

"25 

and thence 

10 

2 tan. 2a 25 120 

tan. 4a=- T:r- = =7T7:» 

l-tan/2« 1-25^ 119 

lli 
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a value a little greater than unity, or tan. -. 

4 

Now therefore subtracting, we have the diflTerence 



tan. 



i^-'j 



:tan. b: 



tan. 4a — tan. - 
4 



119 _ ^ 

'' V 120 ""239 

1 +tan. 4a tan. - 1 .+ -—- 
4 119 



Hence therefore we have the expression 



-=4 tan. -—tan. 



289' 



1 1 

If we now proceed to develope tan.""" - and tan.""" , 

^ ^5 239 

we shall have the value of ^ by taking a sufficient 

4 

number of terms of the converging series ; or, 
4 1 ^— &c. 



i=< 






289 8(289)^ 5(239)' 



-&c. 



Euler has investigated other formulae of the same kind 
by generalizing the principle, and has applied it to a 
number of cases. [Novi Comm. Petropol. torn. ix. 
1764. 

Gr^ory's series, if we suppose the arc = 30% and con- 
sequently the tangent =:—:z vnll become 



30^ = 



y/S 8v^3,8 S'Vs.S 



~&c. 



Whence 
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9r 1 1 



2 •^ 3v/3 3^/3.5 

= \/5( 1 — 1 +&C. I, 

^^ 3.3 3'. 5 3^7 >' 

a form which converges with great rapidity. 

(8.) Euler, by a particular artifice^ has effected the 
developement of tan.""' (x + ^) in a very remarkable 
series, from which some curious and beautiful results 
are deducible. Let there be assumed 

«^ = tan.""'<r=- — », 
2 

or a? = tan. «=cot. z. 
Whence we have du=:dz; and, 

t = ~i- i— = -^ =cos.'«=sin/«= -^. 

€uv 1+x' 1 -f tan.'w sec'« dx 

Differentiating again, we have 

d'u 2sm.zcos.z.d% d% . ^ 

-— = ._ =-^ sm. 2«; 

dx^ dx dx 

or, substituting the value of -y-, 

d^U ' n • /^ 

-1-;= — sm.*85. sin, 2te. 
dx 

Again; 
d^u_ —2 sin, z. cos, z. dx. sin. 2g — sin.' cos. 2%. 2cfe 

= -.$ . 2 (sin. » cos. z. sin. 2« +sin.' z cos. 2») ; 
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or. 



da 

= — — rsin. z] fcos. » sin. Sas + sin. » cos. 
air 

dz 

= — ^ (sin. «) (sin. 3%) = sin. 3», sin. 3%. 

By repeating the same process, and substituting from 
the trigonometrical formulae for the sines of multiple 
arcs, we obtain successively 
d^u 



1.2.3.dx' 

d^u 

1 .2.3.4}. dx^ 

&c. 



= — sin.*«. sm. 425 

= sin.^ « sin. 5a5. 
= &c. 



Thus upon the whole we have 



tan.""^ (a? + ^) = tan.""'a?4-sin. «. sin. ». -- 
* 1 



h ^ 



— sin.'x sin. 2«-- 
2 

hi y 

+ sin. ^z sin. 3» - 



—sin.* 85 sin. 4» - 

4 

+ &C. 



If in this series we make A= — iP, it gives 

X x^ 
tan.""(0) = tan.""a:— sin. %. sin. «.-— sin.*«sin. 2z &c., 

or substituting tanr^x = ~ — « andgtransposing, we have 

tan."'a: = — « = sin. ». sin. «.- +sin.'» sin. 2». — h&c. 
2 12 
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COS ss 

Since a: = cot. » = -7—^ , by substituting this value 
sin. « 

the last series becomes 

V /cos.«\ • . 1 /cos. «\' . , . ^ , 

-;—«=( -; — I sm. 85. sm.ss + 1( ) sm.'ss sm. 2«+&c. 

2 \sin.«^ Vsm. z^ 

.\-=z + C08. «. sin. »+i cos.'as sin. 2« + &c. 
2 

If, again, we substitute in the first series — 2x in- 
stead of h, tan."' (x+h) becomes tan.""' (—a?). And 
this by trigonometry = — tan."' j? : hence the series be- 
comes 

- tan ."'0?= tan .""'a? — sin. «. sin. » sin.^'ss sin. 2s — — &c. ; 

1 2 

or transposing 

2 tan.""' a: = sin. z sin. « -— + sin.' sin. 2« + &c. 

1 2 

Here again, as before, substituting for x its value 

, , we deduce (dividing by 2) 
sm.ss 

TT 2.2' * 

_ = « + sin. z cos. « + - sin. 2z cos.'z + — sin. 3z cosJz + &c. 
2 2 3 

And if we here make « = -, we have 

4 

1 . • 1 

sm. ss = cos. « = ~^ .'.sm. z cos. » -* 

^/2 "^ 

sin. 2« = 1 cos.'»=i sin. 2« cos.'« = ^ 

sin. 3« = 1= cos.^« = 1- sin. 3« cos.^s = - , 
V-2 2-i- ^ 

sin. 4« = sin. 4z cos.*« = 

11 1 

sin. 5«= — ^- cos.^«= — sin. 5z cos.%= - — 

a/2 2i ^ 

&c. &c. 
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Continuing in this way to form the successive terms, 
substituting these values, and transposing p^^^ ^^^ 
series becomes 



» 1 1 2' 1 2* 



4 2 2 3 2' 5 2» 
or multipljing by 2, 

TT 1 2 2 2' 2» 2» 2* . 
2 = 1+2 + 3-5— 6 "7-^9 '"^'- 

These are a few of the various singular deductions 
made by Euler by means of the series here investi- 
gated. Our limits prevent us from entering further 
upon them : but the student will find them stated in 
Peacock's Examples, p. 54., and the whole investiga- 
tion in Euler's Institutiones Calc. Integralis pars ii. 
art. 57. . . 93. 



(9.) The formula for a logarithm in terms of the 
number or parts of the number (DifF. Calc. form. 26.) 
becomes, when a? = 1, and ^ = f<, 

log. (!+«;=«-_+- -_+|&c. 

And the more convergent series deduced from it will be 

•■*-(S)=^[«+|-*4-*'^-] 

The former was discovered by Mercator ; the latter 
by James Gregory, (Exercitationes Geom. 1670 ;) but 
even the second requires a further transformation to 
be of much practical utility. This is done by making 
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—L — = - orw = ; 

1— « n m-^n 

which transforms the above series into 

And ifm=zn + l, this again becomes 

log. (» + l)=log.» + 2 f— i— +1- — ^-— +&C.1 

A series which is very convergent, and enables us to 
calculate the logarithm of any number by means of 
that which immediately precedes it, or is less by 
unity. 

(10.) The series for iSnding the value of the modu- 
lus of a system of logarithms to a base a, which re- 
sults from the expression represented by A, (Diff. Calc. 
p. 12.), by restoring the value of 5 = a — 1, or 

s L 1 2 3 J 

is not convergent; but a very simple transformation 

~_ 1 
will make it so : since log.\^a = - log. a ; 

m 

and therefore log. a = m log. "^a, we have 

iog.«=«.[2«z2-(^«zi>:+&c. ...1 

12 J 

And it is evident, that by increasing the value of m 
this series may be made to converge with any required 
degree of rapidity. 

(11.) It was observed before, (p. 48.), that the for- 
mulae which we have established for the sine and co- 
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sine in imaginary exponential functions, may also be 
deduced from the developements of the sine and co- 
sine. We will here shew how, if we know the deve- 
lopement of €*, and consequently that of c*'^""' and of 
e~*^/-^^ we can from these formulde obtain the deve- 
lopement of the sine and cosine. 

From the developement of c' we have 

x^ X^ X* 



,^V-. = 1-^V-1-— + j 



1.2 1.2.3 1.2.3.4 

, — x^ x^ x^ 



-;; + 



2.3 1.2.3.4 



/— /— 2a?' 24?* ^ 

.-.e*V-x + e~^A/->=2-^f— + , ^^ , — &c. 

1.2 1.2.3.4 

or dividing by 2, we find 

COS. 07 = 1 + + — &C. 

1.2 1.2.3.4 

And in a precisely similar manner we get the develope- 
ment of the sine. 

Again^ from the expression 

€* \^""' = cos. x + ^/^1 sin. 0?, 

which by trigonometry = cos. a? (1 +\/— 1 tan. a?) ; 

by taking the logarithms on each side, and observing 
that log. e = 1, and therefore 

log.6'^/~'=jV3i (1). 

we have 

a?\/— 1 ^ log. cos. 0? + log. (1 + v'- 1 tan. ^). 
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And the developement of the second member by the 
formula for log. (1 + h) gives 

^v — 1 =log. cos.a?+ V — 1 tan.«r + — ^ "" 

3 

— tan.'^o: , « 

— + &C. 

4 

But since the imaginary and the real terms on each 
side must be equal, we have 

^ ,-— /^-. / tan.^o? , tan.^or .^\ 
a?^/-l= V-1 \^im.x g— + — — -&C.J 

and therefore 

«. ♦«« n. tan. 3a? , tan.^o: « ^ 
a; = tan. a?— h — &c. 

3 5 

(12.) If in the series, for log. (^ + A), [Diff. Calc. 
form (26,)] we make a? = l, it becomes 

log. (X+A)=0+A-|V|^-&c. 

Again^ if we make A = 1, we have 

log. (a?+l)=log. 1^ + - — — + &c. 

Hence, transposing log. x, and subtracting the second 
series from the first, we obtain 

log.fl±^)+log.a: = A«^V^-&c.-(l-2. + ±.) 
^\x + l/ ^ 2 3 \x Zx" Sx' / 

But since x and h are both arbitrary, we may suppose 
them equal, and with them=:2e; in which case the 
first term becomes log. 1=0, and the series may be 
expressed in the form 

log. u = (m— W ') — -i ' + ^^ ' 
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This expression is remarkable for the peculiarity of 
its form : it has also one or two somewhat singular ap- 
plications, which we will proceed to explain. 

If for u we write 'V^— 1, the series will become 

which, reducing each of the terms to common denomi- 
nators, becomes 

or observing that the alternate terms vanish, we have 

But the last factor is the series we have already found 

for the value of - : hence, 
4 

logV-i=-^.^, 

or(logy=T)^/~l=_^ 
and consequently 

This remarkable expression was discovered by John 
Bernouilli. 

It may also be deduced from the imaginary expres- 
sion for the trigonometrical lines. 

(13.) The above formula for log. u has also another 
remarkable application to trigonometrical functions. 
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For if we write ^'"^^^ in the place of «, and divide the 
whole by 2'^—l, observing that on this supposition 
log. u becomes log. e'"/""' =^\/— 1, we have 

X . sin. 2a: sin. Sx ^ 

or- =sin. 0?— + &c. 

2 2 3 

An expression for a: in terms of the sines of x and its 
multiples^ first given by Euler. 

Again, if we differentiate successively this equation, 
we shall have the following curious results : 

\ = cos. a;— COS. 2a? + cos. 3ar — &c. 
0= —sin. a;+2 sin. 2a?-3 sin. 3a? + &c. 
= —cos. 0? + 2' . COS. 2a?-3'cos. 3a? + &c. 

and proceeding in this way, we have generally 

= COS. a? -2*** COS. 2a? + 3*" cos. 3a?— &c. 
= sin. a? -2*"+' sin. 2a? + 3'~+' sin. 3a?- &c. 

If in the first of these expressions we make a? = 0, we 
have 

= l-2*"+3^'*-4'» + &c. 

and if in the second we make a? =- , it gives 

2 



G 2 
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THE THEOREMS OF LAGRANGE AND 
LAPLACE. 



(14.) The most comprehensive and important for- 
mulae for the developement of functions remain to be 
investigated. We will suppose a function of a very 
general form 

«==^5 where y = « + a:^, 

and let » be supposed independent of the variation 
of X. Then, in order to obtain the developement of 

we shall first treat x^y as arbitrary, and develope the 
function by Taylor's theorem, which gives 

"^ ^ d% ^^ d%' 1.2 

But </y=0 [«+^0y]. 

This again therefore may be developed in the same 
way, or 

^^ ^ ^ dz ^^ dz' 1.2 

We have then to substitute this series, its square, &c. 
in the successive terms of the former. But again, 
since tpy enters into the several terms of this second 
series, we must in each of these again make the same 
substitution, and so on to an indefinite extent. The 
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K=< 



+ 



dz' 1.2- 



dz' 1 



series which results from these continual substitutions 
will therefore be formed in the following manner : 

*> ^ f*«+^;r(*. + &c.) y 
I + &c. &c. J 

I + &c. &c. J 

+ &c. &c (1) 

It only remains to arrange this developement ac- 
cording to the powers of x. The first power of x is 
evidently contained in only one term. 

We also readily find that the terms involving a?' 
are, 

W» d% ^ dz' 1.2/ 
Again, observing that the expansions of the series 
which are to be raised to the second power, will give, 

</»«' + 2d>z^ x{(j>% + &c.) + &c. 
a% 

We shall be easily able to collect the coefficients of 

3fi ; which will be 



M dp dp. ^^ 
\dz dz dz / 
,(^z d'<f>z <f>z' \ 
\dz •■^1.2/ 



'z d<f>z <i>z* 
d^'W'T 



1 9/ 



yx> 



(^ <t>z' \ 



g3 
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Or,l. Si. 3. djk. (d<l>z) . '<f>z ' 

+ 3.cl/z.(t'<f>z.<f>z* I 1 xi 

+ 2.3.d'Jk.d<f>%.<f>z' fdz» '1.2.3 
+ f^fz . <l>z' 

In like manner we may collect the terms involving 
X*, &c. 

But, upon examining these coefficients, we find that 
the coefficient of x" may be written in the form 



'^i^y^^-^^'^" 



dz 



which is immediately seen to be the differential 

d% 
Again^ the coefficient of a? being written 

2.3.<t>z. d<f>z . d<f>z . d/z 
+ 3 . ^z" . d'ipz . dfz 
+ 3 <l>%\ d(l>z . d'Jz 
+ 3 (l>z\d(f>z.d'fz 
+ <f>z^ . d?fz 



1 



is easily seen to be the quantity which results from 
taking the differential. 

^( H^^ .d<l>z.dfz <!>%' > d'Jk \ 
V dz' "^ rf«3 / 

or. K^) 
dz" 

And similarly the values of the other coefficients 
may be found. 
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Substituting these values then in the form (1), we 
shall, upon the whole, obtain the developement. 



dz 



). 



^ 



1.2.8 



....(2.) 



+ &c. 

(15.) This formula was first given by Lagrange in 
the Memoires de TAcad^mie de Berlin, 1768 ; and it 
has been since usually known by the name of La- 
grange's Theorem. It obviously includes that of Tay- 
lor, to which it is reduced, if we suppose a:<^y to become 
constant^ and = ^. 

But this formula is itself susceptible of being made 
yet more general, if, instead of supposing y = 2+0y, 
we suppose it any Junction of that quantity, or, 
y ==/*(« +^y); we shall then have, 

«=yiy)=/LA«+^^(y))]. 

but this may be written more simply 

=if/[« + ^<^(y)]. 

And under this form we can apply directly the pre- 
ceding process, or we have first, 

and then assuming 

= fts + -^-^<^y + &c. 

G 4 
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and substituting as before, we ultimately obtain 

,, = ^+te_.^+rf._^_ j-g + &c. . . . (8.) 

This more general formula was given by Laplace in 
the M^m. de TAcad. des Sciences, 1777, and is com- 
monly called Laplace's Theorem. 

The following are two modifications in the form of 
Lagrange's series, which are sometimes useful : 

If we have a? = 1, the formula becomes 



5-^ + ^i :r- 



«=>+^«-^ +—^— j^2 +&C (4.) 

If we have 7% = «, and therefore, -4- = 1, it will be- 

dz 



come, 

U=:Z + <bZX +-^ +&C 15.) 

^ dz 1.2 ^ ^ 

(16.) The formulae of Lagrange and Laplace are 
applicable to the developement of all functions explicit 
or implicit. Of the former it will not be necessary 
here to adduce examples : of the latter we shall give 
some instances. 

Let the given implicit function be that expressed 
by the equation 

In order to compare this with the formula, 
y-(« + (a?)0y)=O, 
we must write it in the form 
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Whence we find 



Sa ^"^ Sax "^ 
or, {x) = — , and <f>y = y^ ; whence ^« = %^ ; 

ottOD 

Also it is proposed to find^ = y, .-.^rrss, or we shall 
use the form (5), in which the successive coefficients 
are easily formed ; thus 

—\— = -y- = 6«* = 6 , 

d% a% 3^ a^ 

and so on. Thus on the whole we find the develope- 
ment, 

J?' ^' 1 6a:" 1 1 ^- 

^ 3a 3' W Sax S^ a^' 3' a' X'' 1 .2 

X' x^ 6x^ - 

3a 3^a^ 3^ an. 2 

(17.) We will not however dwell upon the cases of 
particular equations, but proceed to a simple instance of 
an equation of m dimensions, and shew how we can 
obtain an expression in a series for any power of the 
variable. Thus let it be required to find an expres- 
sion for y" when we have given the equation of the 
mth degree, 

Transposing and dividing by iS, this gives 

and comparing this with the form assumed for La- 
grange's Theorem, 
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we have x = - 

a* 
The required form oi/y is y"; whence >=«»=— , 

and<^« = as'»=|;„. 

From these data we proceed to form the coefficients: 

dz yS"- 

«& d« 

= n {m + n-l) -^;;^^, 

=n (3»»+«-l) (S»» + » 2) ss'""-""^ 



03m +n— 3* 



And similarly for tHe coefficients of the other terms : 
thus upon the whole the developement will be 
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If we wished to express the value of the first power of 
y, we have only in this form to substitute w = 1, and 
it gives 

The same general fornlula will also give us another 
expression for y, by a transformation of the original 
equation. 

If in the given equation we write y^^u^ it be- 
comes 

I 
a— jSm"»+7M = 0. 

Or if to preserve the analogy of the notation we write 
it becomes 

Then applying to this equation the preceding develope- 

inent^ by making {n) = {m) = « , the form for 

I 
(y*) = u^ becomes 

\b> L'^^ J.+ 172 ^T— +&C.J 

Or if we write 

and restore the value of c= -/3, this becomes 
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„i-„-&^-^ ^^, g-"^ S')8'_ (4-m))4- 2»») 
^ V »» a TO'. 1 . 2 «» »»M . 2 . 3 

.(8). 



^^.c). 



The developement of the value of y in this form 
affords us the important conclusion, that, as the quan- 
tity which we have designated by ^^ or ( — ) *" ^ 

susceptible of m values, the expression Jbr y has as 
many, which are, in other words, the m roots of the 
given equation. These values of S are expressed by 
the general form 

(COS. — + ^/-lsin. — )( — )"•. 

and the particular values are obtained by substituting 
successively the numbers 

1 , 2 , 3 .... m,forn. 

Lagrange has shewn that the value of y, as given 
by the first series, is that of the least root of the equa- 
tion. He has also investigated many curious proper- 
ties of the roots arising out of these developements. 
The form of the equation we have here considered is 
a very limited case. Lagrange has applied the inves- 
tigation to an equation of m dimensions in its most 
general form; and has further shewn the conditions 
for ascertaining the degree of convergency of the series 
in different cases. But for an account of these points 
the student is referred to Lagrange's Memoirs in the 
Mem. Acad, de Berlin 1768 and 1770. Also to his 
Traits de la Resolution des Equations num^riques : 
note xi. 



Digitized by VjOOQ IC 



LAGRANGFS THEOREM. 



98 



(18.) We shall here only proceed to illustrate the 
process by applying it to the cubic equation, 

Here we have to substitute in the series for y, 
form (7), 

« 2 7 = 1 ^ = 3, 

P P 

and it becomes 

^ pV ^p3 1.2 p« 1.2.3^9 / 

Again, in the second series, form (8), the substitutions 
will be 

a = q p=p S=(-^)» = (-g')i, 



-7 



and we shall have the developement, 

«^=y=(-9') 



* 



^ 1 p(-qV + 3-3 p'(-q) 
3 q 3M.2 q' 

(l)(-2)^(-g) 
3M.2.3 g'* 

+ &C. 



^ 



Here it is easily seen that (— g^)^ admits of three 
values, which are 

Since the product of these factors will be 

(L±:»)),*(-,)+=-,. 
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The series for y therefore has three values, according 

1 
as we substitute each of these values of (— ?)^, and 

thus we have developements for each of the three roots 
of the cubic equation. 

(19.) Another important case of these applications is 
that which refers to the reversion of series. For ex- 
ample, if we have given the series 

and it be required to revert it, or to express y in a 
series, we must first divide by /3, and then transposing, 
we have 

which may be compared with the form 

and we find «= — ? 

/3 

a?^= -|-(7-f-Sy + &c.) 

whence a? = 1, also^ = y, and therefore^ = % : 

also <^«= — — (7 -f- S» + &c.) 

Thus the conditions both of formula (4) and (5) are 
fulfilled, or we have the developement 

» = • -|' (r+ 8» + &c.) + j-^ ■ rf ( J (7 + 8»+ &c.)') 

+ &c. 
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Expanding and performing the differentiations in- 
dicated in the coefficients, they become respectively 

^(|!)(r' + 27^ + &c.) 
and «?' (-*) (7» + 8/&8 + &c.) 

And we thus have the developement 

^ /3 ^ ^ 

(20.) We will only add two further applications of 
Lagrange's formula : 

Let it be required to develope the function 

u=int'\'e sin. m. 

Comparing this with the expression 

we have 

»<=« x=ze y=i« ^y = sin. « 
/k^% <^» = sin. X. 
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We will first point out the mode of forming the suc- 
cessive diflTerentials 

d{<l>z)\ d'{<f>zy&c. 

or d . sin.% d' sin.^ z &c. 

For the first we have evidently 

£?sin.'s^ ^ . 

— = = 2 sm. » COS. % 

d% 

= sin. 2 %. 
To obtain the second, we have first 

l!!Bli = 3sin.»«cos.»; 
d% 

and thence 

"• ^^"' ^ =3.2 sin. S8 . cos. as . cos. ss + 3 sin."» ( - sin.«) 
dx" 

= 3 . 2 . sin. « COS.* » — 3 sin.^ %. 

= 3 (2 sin. % cos." » — sin.^ %) 

= 3 (2 sin. 85 (1 -sin.' %) -sin.^ «) 

= 3 (2sin.«-3sin.3«). 

But by the formula (p. 53.) making «^ = 3, we have 

sin.3»= 1 r sin. 385-3 sin.« + 3 sin. ( -1) »1 

^'^'^"^ t -.sin. (-3) 85)) 

= L (2 sin. 3 «+2 . 3 sin. %). 

Hence the differential becomes 

rf»sin.^85^3 1 2 sin j,_3(_^^ (si„. 3 ^^3 si„. ^)^ | 



rf«» 



= 8 l?-sin.3»-— sin. 85 + 2 sin. «! 
1 2" 2' ) 
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0(3.0 /2.2»-3.3\ . 1 
= 3|-sin.3»+(^ 2^ jsm.asj- 

= —•1 3 sin. 3ss— sin.ss I- 
2U 3 

We must proceed in like manner to form the other 
differential coefficients: and thus upon the whole we 
shall obtain the developement which comes under the 
case of form (5). 

e^ rf(sin/«) ^ rf»(sin.3«) , . 
^1.2 d% 1.2.3 d% 

which becomes, by substituting the values above ob- 
tained, 

^t-^e sin. nt + sin. 2 nt 

1.2. 



tt = 



€' 



1.2.3 

+ &c. &c. 



— (3' sin. 3 W/-3 sin. nt) 



When e is very small, this series converges with 
great rapidity. It is a developement of considerable 
importance in astronomy : and in the practical case to 
which it is applied, the condition, that e is very small, 
is fulfilled. 

This developement is closely connected with another 
in which we have to express a function of «, (the quan- 
tity above represented,) which is given in the form, 

fu^r — a (1— ^cos. «). 

In order to do this, we must observe that in the gene- 
ral form of the series, (writing y for u to preserve the 
notation of the last article,) 

/ ^d^\ 
\ a%^ \ d% 1.2 

H 
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if we substitute 

if/» = }pnt, x = e, and (f>z = sin. z = sin. nt, 
it becomes 

\lm:=}pnt+e (sin. w'-^? — ) +&c. 

and if we suppose the function xf^u = cos. u, then like- 
wise }pnt = COS. nt; and 

. . .dcos.nt . ^ V . a_, rfcos.»/\ . g 

cos.tt = cos.72/ + e sm.nt = h a( sin.*w/ — = — ) + &c. 

dnt 1.2 V dnt / 



dnt 



... e^ dsmJnt . « 

= COS. nt—e sm^nt-- = — + &c. 

1.2 ndt 



If we now perform the differentiations, and substitute 
their values as in the preceding process, and substitute 
this developement in the equation 

r = a {1 — e cos. u), 
it becomes 

r = a [1 — ^ COS. nt -f e^{l — cos.^nf\ -f — [Ssin.^ntcos.nt] + &c. 

But developing the powers of cos. nthy formula (11, 
p. 51,) we have 

1— cos. : 



1 — cos.'w#= 1 — ^ COS. 2nt -f ^ = 

[3—3 COS.' nf\ COS. nt=3 cos. «/ — 3 cos.%/ 

(3 3 3 \ 

-cos.3w#+ -^cos. nt) 
4 4 -^ 

3 3 

= — - COS. 3nt+- COS. w<; 

4 4 

and proceeding in this way we shall obtain the deve- 
lopement 
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r = a\\ —e cos. «/+ — (1 — cos.2 nt) 

— ^ o Q2 (3 C0S.3 nt—S COS. nt) — &c.] 

The application of these developements will be seen 
in Woodhouse's Astronomy, vol. II. ch. xviii. and Pon- 
tecoulant^ Systeme du Monde^ torn. I. p. 261. 



H 2 
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xN this division of the subject we propose to continue 
the same plan as has been followed in illustrating the 
Differential Calculus. A few examples, carefully se- 
lected and fully developed, will afford sufficient expla- 
nation of the process of integration, where it can be 
reduced to general principles; as well as some exempli- 
fication of those artifices, the application of which de- 
pends on the skill of the analyst, and can only be learnt 
by experience. 



ELEMENTARY INTEGRATIONS. 



The following are a few examples of the integration 
of elementary differentials, and of such expressions as 
are directly reducible to elementary forms. 

h3 
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bdoc __ 

1.] To integrate {adx-^—j- ^xdx'^) 

we have to take 

Cadx —J — ^ + Jx^dx. 

But we find 1st, fadx^ax-^- C„ 

under which form it is immediately seen to be a simple 
differential, or we find it by Int. Calc. (4) 

2 \ «' / 
3dly. For the remaining term we have by form (6), 

^ -§-+1 ' 

Let C,+ C,+ C; = C, 

thence the whole integral will be 

9,0? 5 
2.J To integrate 

we perceive immediately on multiplying, that the in- 
integral will be 

3.3 To integrate 

, xdx 

aw = —===, 
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we see immediately, on the principles of differentia- 
tion, that the integral will be 



In the same way we find 

/* xdx _ 1 ^ 

4.] To integrate 

du ^pnx'^^dx (a" + of") ^\ 
we have immediately by form (7) 

u^{dr+xy'\'C. 

5.] To integrate 

{Jbx^y . mx dx. 
If we had {hxI'Y . 2bx dx, we should have directly, by 
form (7), its integral 

~^,J—(bx'y^'-\^c. 

and therefore 

flbxy .n.9hxdx = -^ {hxy^' + C. 
J p + \ 

Let w be assumed = ^, or n^h^my and we conse- 

quently have 

6.] We have directly by the form (7) 
/*(« + Jar + cary (bdx + ncoT-'dx) 

=_J_ (a + hx + caf )"+' + C. 
p + 1 

H 4 
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7.] If the given differential be 

{m being a whole number), we may expand the bino- 
mial and integrate each term. But we may obtain 
the integral without going through this process ; for if 
we write 

we have nax'^^dx = d% ; whence 

ar-'dx^—. 
na 

Also du^z^af^'dx^^^\ 

na 

whence « = - — ; 

{m + 1) na 

or restoring the value of z. 

If the differential be 

J cx'^dx 

du^ ^--, 

{ox-^-bY 

writing <«a?+ 6 = «, we have w = -^ , 

and rfa? = — 
a 

c{%'-hY .,d% 
Consequently du = = -^ — -—^ 

Here we have only to expand the binomial and di- 
vide by «*", whence we obtain a series of simple terms. 
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each of which is to be integrated separately, and the 
sum of the integrals taken. 

8.] To integrate 

du = {a^hx+cx^) ^ (bdx+2cx dx). 

This comes under form (7.) For if we write 

a + &a:+ca?*=:ss then hdx-\-^cwdx = d% 

jL 2 2 5 

BXi& duz=^%^d%. Herew = - »-fl=- + l=-: 

3 3 3 

whence the integral is, by form (7), 
5 5 



z=^-(a+hx + cxy+C. 
5 



9.] To integrate 



du = "^a+bx' mx dx, 

writing a+bar'^z 2bxdx = d%, 

which differs from the other factor only in the con- 
stant; hence it comes under form (8), or we have, 
»=2^=l 

and i.= 5.JL.«^-^ + C=S-«*+C. 
2& ^+1 3b 

3b^ ^ 
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10.] To integrate — ^ this may evidently be writ- 
ten. 

But the second factor is readily seen to be the dif- 
ferential of -^^ . 

Hence we have the result, 

11.] To integrate dx(^^^^). 

This may be written, 

_dx nx'^^ + nxi^-'naf 
"IT (1-1-0?)"+' 

_ dx (1 +0?) w^**-' — war" 

"IT (i+a?)~+' ' 
or multiplying by (1+^)**"' 

_ dx (1 + xynar-' - (1 +x )*^'naf 

which puts it into the form of a simple differential, and 
we have 

In general, in the subsequent examples, it is to be 
understood that a constant remains to be added to the 
integral if it be not expressed. 
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12.] Let it be required to find 

u^Jdxjdxjdxji&Q, ad infinitum. 
Differentiation gives us 

du = dy dxj dxj hLQ. 

^dx .u\ 
whence we have 

— = aXy 
u 

which gives x = log. «, or « = €*. 

13.] If it be required to find the same to n terms, 
we must proceed thus : 

~ ^jxdx =/ ( plxjdx. 

And since it is indifferent in what order the inte- 
grations are performed, this may be written 

=jdxjdx. 
In like manner 

= l—dx^ r( fxdxSdx^ 

which by substituting the last value in the same way, 

^Jdxjdxjdx. 
In the same manner 

^Jdxfdxjdocjdx. 



2.3.4 
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And proceeding thus we shall obtain 

— ssJdxIdxIdxfUx^ &c. to n terms. 



^ 

1.2.3.4 



14.] We can express by a series the integral of 

by expanding the coefficient, which gives 

a^ + x'' 



H &c. 



whence we have 






-f &C. 



a** + 4?** «'*(w + l) ^""(w + w + 1) 

This series, however, will not converge unless x be 
small : and in all cases when we wish to integrate by 
series, this is a point of primary importance : it there- 
fore becomes highly desirable to possess several forms 
of series for the same function, some of which may be 
suited to the case where x is small, and others to that 
where it is a large quantity : in this last case we ought 
to have a descending series, or one involving negative 
powers of x. 

In the present instance we can readily obtain such a 
series, from the simple consideration of writing the bi- 
nomial af + a'^y and developing the fraction in this 
form : which gives 

of x"^ oTtiT xTa^ « 

+ — &c. 



af-H«" ^" ^'" x^' 
1 a' 



-&c. 



and integrating these terms by applying the formula. 
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we have 

'3irdx 1 a** « 

^ &c. 






(n^m-- l),r'*'"'^' (2» — w* — 1) a?" 

another expression for the same integral which con- 
verges in proportion as x increases. 

If in the developement previous to integration the 
index of x in any of the denominators become = 1, or 
rn — m=l ; that is, rn^^m-^ 1, or (w+ 1) be a multiple 
of fly the integration of that term is reduced to the lo- 
garithmic integral, or =«^'^'^'* log. x. 

15.] We can integrate by a series the form 



For the coefficient being written 



if we expand ^^a + x by the binomial theorem, it will 
give a series of the form 

A 4- JBx -f Cx' + &c. 
Again, if we expand we shall have another 

it~\~ X 

series of the form 

and the product of these will evidently give another 
series of the same form. Thus upon the whole we 
shall have to integrate a series of terms 
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h mx nx^ 

, + , + , + &c. 

^^l^a^ ^/l~a?» ^/l-x' 

the integrals of which have been given in the examples 
of binomial differentials. [Calc. and Curves Introd.] 
We can easily bring under this form the expression 

du 



(which occurs in some mechanical investigations,) by 
writing {m-'U)z=z mx : whence u^m {\^x)^ 

and du=z ^mdx\ 

also -^ — = a : whence » = «» (« + 1.) 
m 

The expression thus becomes 

-^mdx 

v^[2w^'(l -ic) - w'(l "xYXmia + 1) -.«»(T^' 

which is immediately reducible, by expanding (1 — a?)% 
to 

Vw^(l— a7')(w + a:)' 
which is the form just integrated by a series. 
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RATIONAL FRACTIONS, 



(1.) The preliminary operation of reducing the di- 
mensions of the numerator lower than those of the de- 
nominator by division, (Int. Calc, p. 100.) will give us 
a series of simple terms, and in many cases also a final 
term, which can be integrated at once by elementary 
forms. Thus, to integrate 

■J xdx 

au = =~ 

a + bx 

proceeding to develope the quotient, we have only to 
take one term of the series before we arrive at a 
final term, which is an elementary form ; for we have, 



\hx-\-a/ 



and observing that = — -— = ^ . c/ . log. {hx^a\ we find 
° ox^a 

tt = f-|llog. (6a:+«) + C. 

In a similar way we may integrate 

x^dx fi 

— -&C. 

a^-bx^ 

(2.) To take a more general form ;— let it be required 
to integrate 
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du=: = — ; 

where (2>+l) is a multiple of », suppose it =rn\ 
whence 2> = ^^ — l> and we may write the expression. 



du = dx-— 





V^il 



Here, expanding the second factor, we shall have to 
replace it by the series 



a'^ 



1 a , a' c i'-'a?('->" 



or we have 
du 



^.| 



9 



^dx\ \ x^^^-^' -- Jo:— '^' + ... J-T ^ L 

b\ h h'-' 6^» + a/ 

whence, by integrating each term, we find 

w=^(- -Y 7 r- + •••? log. (do?" + a) I. 

(3.) Proceeding now to those cases where, after this 
preliminary operation, we have to apply the principle 
of resolving the denominator of the fractional coefficient 
into its factors, in order to illustrate more satisfactorily 
the general view given in the former part of the work, 
we will take a few simple examples of each of the 
cases there considered. 
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Let it be required to int^ate 

Here the denominator is immediately resolvable into 
its simple factors, or the expression may be written 

da: 



(a? + a)(cr + «) 



Thus we may resolve the coefficient into its " partial 
** fractions" 



a? + a x-^a 

These two fractions reduced to a common denominator 
must be equal to the former, or, 

A{x-a)+B{x-{'a) 1 

{x-\-a){X'-a) (cP H- «) (a? — a) ' 

This gives us, (in order to find the values of A 
and£) 

A{x — a) + B{x + «) - 1 = 0, 
or {A^B)x+{B-A)a'-1^0 (a) 

But when ^ = 0, the former expression becomes ^ : 

and on the same supposition the latter form becomes 

^i — I^-^, consequently we must have (-B — -4)a = l, 

which reduces the equation (a) to {A + B)x — 0, what- 
ever be the value of x ; that is, we have -4 + -B = 0, or 
A^^B. 

Hence by substitution 2-Ba = 1, 

or ^ = — . 

2a 
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Thus upon the whole the expression will be 

(.^-.^)dx = L(J: L.)da,. 

\x — a x + aJ 2a\x — a x + a/ 

Hence the integral is immediately found to be 

-Liog. (izf ). 

2a \x + a/ 

We have stated this process at length, in order to 
illustrate the theory: but both in this, and in many 
other cases, shorter methods may be found by the 
adoption of various artifices. Thus in the present case 
the given function may obviously be put under the 
forms 

1 / 2a \ _ 1 /a? + « — (^— «) \ 
<x^-a'/ ""2aV S^«^ / 



2a\'i 



2a\x—a x + a/ 
whence the integral is obtained as before. 

(4.) Let it be required to integrate the function 

a>xdx 

(x-^ay 

which has two equal roots. Here, [Diff. Calc. p. 102.] 
writing j* — a = «, we have ^ = »4.a, and dx=:d%\ and 
the expression becomes 

Hence we have the partial fractions 
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and the integral will be 

a log. % , 

% 

or restoring the value of «, it becomes 
a log. (iT— a) . 

(5.) To integrate 
xdx 



du = - 



l + 2aa:— 0?" 



the factors of the denominator are easily found, by 
solving the quadratic x^ — ^ax = 1, 



which gives x — a=± ^1 -f «% 
or the two roots are a? = « + ^1 + «% 
and a: = «-^l + a*. 
Hence the given differential becomes 

\x + a + ^1 + a" ^ + a-»/l+aM ' 

The numerator, after reducing to a common denomi- 
nator, will be 



A{x-^a -^1 + a») + B{x + « + ^l + a") =a?, 
or (^ + J»)^+(^ + J»)a+(^-^)yrTa' = ^. 
whence we deduce 

(-4 + J») = 1, and {A + ^)a f {B ^A)^lTa' = 0. 



I 



Digitized by VjOOQ IC 



116 INTEGRATION. 

whence 5=1-^, and a+ (l-2^)>yi + a" = 0; 
thence 2^ = ?^±^S? 

2^1+ a" 
Hence, by substituting these values, we find 

,yi+g'-g 



But observing that d{X'\-a± ^\ + a") = rfi?, we have 
the integral 



tt = ^ log. (a? + a + >y 1 + a') 4- J? log. (« + a - ^1 + a" 

In which we have only to substitute the values of the 
constants A and J?, as found above. 

(6.) We will now proceed to an example of a func- 
tion whose denominator contains three roots, two of 
which are equal. Let the function be 

dx L , 

whose denominator is easily seen to be formed by mul- 
tiplying together the factors 

{x^^){x^9) ix-1). 

Hence we have the partial fractions 
A B ^ C 



(.r + 2) (^ + 2)^(a?-l)' 

and reducing to a common denominator, we find that 
the first two terms may be put under the form 
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Dx + E 

and the whole numerator will be 

Dx' +Ex -Dx-E+ Ca^ + ^Cx + 4C; 
which being arranged and written = 1, we have 

{D + C)i)f + {E-D + ^C)x + ^C-E-\=zO. 

Hence (D + C) = .-. D= -C 

E-I) + 4iC=E-5D=0 . . E = 5D 
E = 4,C-1 .-. =:52>=-5C 

.-. (4 + 5) C=l, or C=l .•.!>= -1, and^= --. 

9 9 9 

With these values of the coefficients, we proceed to in- 
tegrate ; and taking the expression 



{: 



{x-h^y {x+2y x-^i) 

we may for (x + 2) substitute y, which gives % = da, 
and j? = y — 2; this will put the above expression, with 
the substitution of the values of the constants before 
obtained, into the form 

\ 9 Ly' y'-' 9 y'l 9 x~l 
The first member of which is 

_1 % 2-5 dy ^^ _1%_1^ 
9 ■ y 9 ' y'' 9 y 8 y** 

And restoring the value of y, the whole integral will be 
llcg.(.-l)->lc«.(.+«)+i.^ 

°' 3 (a; + 2) ■'■9^°^' Lj+2-l' 
iS 
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(7.) For another example of a fraction whose deno- 
minator involves both equal and unequal roots, we may 
take 

dx 

{X'-ay (x — b) 

Here, as before, writing «r — a = «, 

we have a: = « + «, 

and the coefficient becomes 

1 . 

»' (z + a — b)' 

which separated into its partial fractions, 

= — + _ la) 

z' z + a-b ^ ^ 

and these being reduced to a common denominator, 
Az + Aa — Ab + B%^ 



%" (« + a — 6) 

A% 
(» + «- 

A {a^b) 



B%' ^ A% ^ A{a-b) , 



or = ,+—, 7T + 



x + a-'b »(« + « — 5) »'(2 + « — J) 

But comparing this with the original form, the last 
term alone without its coefficient is equal to the whole 
value: hence 

A (a — J) = l, or A= =-, 

and the sum of the two first must = ; 

or reducing them to the same denominator, the sum of 
their numerators = 0, 

or^« + ^ = .-. B=-^. 

z 
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or substituting the value of A, 

-^=— L_. 

2 (a — J) 
Hence the form (a) becomes 

1 l«_i__ 1 

=-J_ p - ^ 1 

The first term is integrated directly, and the second, 
having two unequal factors, is found by the preceding 
process. For the integral of the first term we have 
obviously 

and for the second term, or — =~, 

% (« + « — 6) 

which is = , 

(x — a) (x—b) 

we readily see that it is equal to 

a—bX {X'-a) (x — b) ) a — bXx—a x—b) 

the integral of which is -, log. ^ . 

a — b La: — 6J 

Thus upon the whole the entire integral will be 

a—o \.x—a a—o \-x—oj ) 

(8.) For an example of a function containing imagi- 
nary roots, let us take 

a^'ja + bo^ldx 
l4 
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The denomiDator is easily resolved into factors, one of 
the first, and the other of the second degree ; or we have 

and the second factor is again resolvable into imaginary 
factors of the first degree, or 

Proceeding according to the method laid down for ex- 
pressions of this kind, (Int. Calc. p. 103,) we have 

, _ Ada: {Mx + N) dx^ 

and on reducing to a common denominator, the nume- 
rator becomes 

Ax^ + Ax-\-A + Mx" — Mx + Nx - N— a^-hx 
^{A^M)x'^{A'-M^N)x^A^N. 

Hence we obtain the values of the constants ; 

^H-i»f=0 A'-M^N^b A'-N^a 
M=-A 3A^a = b N^A-a 

SA = h + a ^=A±^ JI/=-*±^ 

3 3 

XT J + « 6 — 2a 

iV = —a = . 

3 3 

Thus we shall have for the integral of the first member 
of the given expression 

/Adx a + J , . ^ V 
= — -— log. Ix- 1). 

And for the second member we shall proceed thus : 

The quantity (a?' + a?+l), compared with the form 
(Int. Calc. p. 99) for imaginary factors, gives 
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2a = l a* + ^=l 
whence« = ^ /3' = l-a» = l -;J .-. /8 = ^. 

Hence by form (33) 
■.M.log.^^ + x+l+ 7=-^tan. -—2 

b+a, T-~ 

g— log-v^ar' + ai + l 

ft + a, ,- h-a. -' /2x + l\ 

3-logV^'+a: + l+-^tan. (_^j 

Adding this therefore to the integral of the first mem- 
ber, we have the entire integral of the given expres- 
sion. 



IRRATIONAL FUNCTIONS. 

Many diflFerentials affected by irrational coefficients 
fall under some of the elementary forms^ or are directly 
reducible to them: of these we have already given 
some instances ; we will here add the following : 

(1.) The expression -— ^—■ 

may evidently be written in the form 
, 1 a*H-ir"-a?» 

" ( a' + ai' ) 
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This is easily seen to arise from differentiating 
1 X 

which is consequently the integral required. 
(2.) To integrate 

we have only to write the expression in the form 
, d% %d% 



and we find immediately 

w= - cos ~'» + ^\ - »' -f C 
This gives the integration of the form 

which occurs in dynamics. 

(3.) The general principle of substituting another 
quantity which is a rational function of the variable^ 
(Int. Calc. p. 112,) is easily applied in the following 
simple cases : 

Let du=: — = — — = 

assuming y^^x, and therefore ^ = y% 
and dx = ^ydy^ the form becomes 
2ydy 2dy 

yjl^^^jl^'' 
and we have directly 

w = 2 sin."'y = 2 sinr^^x. 
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(4.) To find /"^ s " — 

let «; = a;^ — 1, 

whence dv = 2a? rfo;, 

then the form becomes 

X. 2a; ^^ ^ dx 

= 2 . sec.~'a? ; 



which, since a?' = I + 1?, and therefore <r = .^1 + 1?, 
becomes = 2 . sec. ~'^1 + v. 

(5.) To fjudj^"^. 

Let ^x:=zr.x = %\ dx=z2%dz 

which may be written 

and the second term of this coefficient is 
2_ ^ (» + l)-(ss^l) 

1 L_. 

hence the expression becomes 
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V «-I z+lJ 
and y=5-| = 2« + log.(2-l)-log.(8S+l), 



dx 
(6.) To integrate 



we may write the expression 






or dividing by ^l^-af 

xdx , , 

which is evidently the differential of 



^yr^' 



a: 



(7.) To integrate the irrational function 

dx 
x^T+x^' 

we have only to observe that the coefficient is obviously 
equivalent to 
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whose numerator again is equal to 

so that the whole is the result of reducing to a common 
denominator the two fractions 

X 1 



And these^ when multiplied by dx^ become 
xdx 



dx. 



-^ X 



which are both integrated immediately by logarithms, 
and we have the whole integral 



log.(s/l+^'-l)-log. a? 



=>^-(^^?^) 



In like manner, if the term under the radical sign 
had been 1 — ^, the result would have been the same, 
with only this substitution. 

dx 
(8.) To integrate du — — ^==. 

Let 1 - 0? = y % whence -^dx^^y dy, 
and rf« = Z^=f^ 

which is integrated by the logarithmic form IV; by 
which we find 



«=-.^.(l±2). 
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and restoring the value of y, 

(9.) The irrational function 

comes under form (39,) (Int. Calc. p. 113,) and is easily 
rationalized by making a: = »^; this substitution will 
give dx = Q%^dzj and the function will become 

l + »" 

We have then only to expand the coefficient, which 
after multiplying by %^ gives 

Qd% I -«' +«^ + «s _<^ + jg> + 1 __L. ) 
V 1 + » V 

and the integral will be 

^/ »® «' z^ «^ «3 ^ _, \ 

And replacing the value of « = a?^, it becomes 

w= ( —a? H- -X +x— -4? +-^ +6^ — tan"'a? / 
V 8 7 5 3 

(10.) The integration of the function 
dx 



du- 



XmJo^ H- hx 



will come under the form (41) (Int. Calc. p. 114.) that 
is, if we substitute y' = a' + hx^ 
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Then 2y dy = hdx, and dx = %^ ; 

o 

Also ^_y --g^ 

Hence, substituting these values, we have 

b y^ — a? y 

which is integrated directly by the logarithmic form 
IV. 

(11.) Let it be required to integrate 
dx 



du=i- 



We see that this quantity comes under the case of form 
V. of irrational fractions; (Int. Calc. p. 114.) and by 
the equations investigated in p. 118. we find 

(«' + l)'.».4=f 
^ ^ «' + 1 



«» + l 
Whence we find 



u— — 2 tan.~'«+C, 
or replacing the value of «, (p. 115.) 

« = C-2tan.-'(v/SS) 
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(12.) To find the integral of 
du = dx^^ax — x", 

we compare this expression with that of the form, 
p. 117; where we find 

a = /3 = 2«, 

and the equations, p. 118, become 

2a» 



dx=- 



and these equations multiplied together give us 
8aVrfe 



W=: 



(»'-fl)^' 



which being a rational fraction, is integrated by the 
method already delivered. 

(18.) To integrate 

Pdx \X^-J\->rX^)\^, 



where P is a function of x and of ^\ -\-x% 
the expression may be rationalized by assuming 



whence by squaring we obtain 



x" + ix^l+x^ + 1 -f. X' = w"* ; 
and since >>/l +x* = w^ — a?, 
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substituting this value^ the last equation becomes 
2x^ + 2x (w« - a?) + 1 = w'^ 
or 2u^x=zu^^-^l 

x=: ; 

and differentiating, we obtain 

which is easily reduced to 

^ u'^ -I- 1 

also ^1 -f-a?' = w« — x = - 



Substituting these values in the original expression, it 
becomes 

V 2«»+' / 2 V ^ / 

which is directly integrable. 
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BINOMIAL DIFFERENTIALS. 



(14.) Binomial differentials are represented by the 
general form, [Int. Calc. (54.)] 

p 

and we propose to investigate in what cases this ex- 
pression can be made rational. 
Let us assume a + haf" = z^^ 

p 
then {a + baf)9 = z'' ; 

hence 0?'*=:—— x— ( — r— )" 

also dx = SI — dx 2£ ju. . 

H-b-) " 

hence ar^'^fa; = f— ^1^ ) ^^ ««-<fz. 
Or upon the whole the form becomes 



An expression which will evidently be rational when- 

ever — is a whole number, or when n is an aliquot 
n 

part of m. 
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(15.) Another condition may also be obtained, under 
which it will appear that the expression can be ration- 
alized. We may write it in this form ; 

p 

= 0?*^' ax {ax'^ + b)^ X9 

2P— I P 

= a?"*"*" 9 dx {ax'^ + i) 5 . 

And comparing this with the preceding form, the quan- 
tity ( »» -f -^ j in the index of t, corresponds to m in 

the former case, and the index of x within the brackets 
has still the same value : hence the condition of ration- 

ality becomes, that ^''"^ ? should be a whole number ; 
n 

or — +^, a whole number. 
n q 

(16.) We will exemplify these principles in the fol- 
lowing simple cases : 

If we have given the binomial differential 

comparing this with the formula, we find 

«^ = 9 w = 3 . . — =3 » = 1 9^ = 3. 
n ^ 

Hence it is transformed into 

or 1 [«3(a^-2az3 + a')] d% 

= ^ (^9 - ^a%^ + 0"%^) d% ; 
K 2 
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and the integral is 

¥ lib 7 "T/ 

In which, by substituting the value of «, we shall have 
the result in terms of x. 

In like manner, by the second principle above laid 
down, the differential 

a^dx (a + bx^y, 

is capable of being rationalized, since we have 

— = - ^ = - and .-. -+^ = -=2. 
n S q S n q 3 

(17.) There are numerous cases, however, to which 
the preceding method cannot be applied. In many of 
these we may proceed by one or the other, or both of 
the processes now to be explained, commonly called 
the " reduction of binomial differentials." 

The given differential being 

x""-' dx (a + bx'^y, 

when p represents any Jractional index, it may also be 
written thus : 

x'^-^af-'dx {a+bx'^y. 

But the second factor, having the index of a? without 
the brackets less by unity than that within, is inte- 
grated by the principle of simple powers : [Int. Calc. 
form (8.)] Hence comparing this form with 

/ udv = uv —jvduy 

and representing this integrable factor by dv, and a?" 
by w, we have 

V = 0?±^)^' du^(m^ n) a;"-"-' d^, 
{p + l)nb ^ ^ 
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and the formula becomes by substitution 

Jx"^^ dx {a -f- hx'^y 

{p + l)nb J {p^\)nh^ ^ 

But the termy*^''*-^' dx {a + hotry^' 
may be written /a?"*~""' dx {a -f- ha^y. (a + hx!^) 
or performing the multiplication^ 

aj^xf'^-^^dx {a + hx'^y + h fsT^^dx {a + fto?*)^ . 

Substituting this value in the foregoing equation^ and 
collecting the terms 

(\^J!!:i:^.) faf-'^dxia+hxy 

_^'»-~(a + haf^y-^' -a{m- n)Jx'^'^^dx {a + bary . 
"" {p+l)nb ' 

or, observing that the coefficient on the first side of 

this equation is equal to / , and dividing by this 

{p + l)n 

quantity, we have 

fx"^'dx{a-^bx^y = 

^m-n ^^ ^ bx^'y' -a(m- n)yx'"-^'dx{a+bafy ,^. 
b {pn + m) 

(18.) By this formula then we reduce the determi- 
nation of a function involving a?'"'"', to one containing 
'\ and these indices being arbitrary and general, 
k3 
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it is evident that we may thus continue Uie process till 
we come to an elementary form. In this way, if in- 
stead of m in the first index we had m — rij the second 
would be wi — 2w— 1 : and hence again, changing m—n 
into w— 2;^, we should have for the second w— 37^—1, 
and so on. If r denote the number of such successive 
reductions, we shall come at last to the index m— r92— 1, 
or the last form of the expression will be 

h{pn +m — (r— l)n) 

Here if m be a multiple of w, we shall have some value 
of r, at which m = rn; in which case the formula be- 
comes. 



^ b{pn + n) 



or is reduced to the elementary expression for an alge- 
braical power. [Int. Calc. form (8.)] 

(19.) Another method by which binomial differen- 
tials may be successively reduced to lower indices, is 
as follows : we may write the expression 

pir-'dxia-ithafy. 

In the form Jlf^^dx{a'\-hafy^\a-\-hx''), 

which performing the multiplication puts it into the 
form 

apf'-'dx{a^-hx'')^' +bfx 
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But in the formula (A), if we change m into m+n, 
and p into |> — 1, we have the value of this last term, 

or {a + bary - amj^x"^^ dx {a + ha^y^' 
h (pn + m) 

Hence, by substituting this value, the preceding for- 
mula becomes 

J'x'^^dx{a^hogJ 
. aj^af^"^ dx {a + bary^' ^ 

"^ 1 a?" {a-^bxy^amj^ar-'dx (a + hoff^' J 
pn'\-m 

and reducing to a common denominator, and adding 
these two terms, there results the formula, 

ar{a -f. hary +pnajo[r'^ dx {a+ hafy-"^ :-^. 

pn-hm 

By this formula we may successively diminish the 
index p by unity, that of x, however, remaining unal- 
tered- By applying therefore one or both these methods 
to a given binomial differential, we may in a consider- 
able number of cases reduce it to a form in which it 
may be rationalized or reduced to some of the ele- 
mentary integrations. 

(20.) It is evident that if m and p were negative, 
the foormulae (A) and (B) would not answer the pur- 
pose of diminishing the index of the part without the 

K 4 
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brackets in the one instance, and of that within in the 
other. They are, however, easily put into a form which 
will meet this case. 

By transposing the terms in formula (A) we have 

r^m^-^j rf-r {a + bary 
ar^{a+bx''Y-^' ^b(m + np)/^af^'dx (a+baTY 

If we change m into (m+n)^ this becomes 
rar^^dx^a + botfly = 

am 

In this form, if we have — w, the index m+n^l be- 
comes — w+» — 1, or is diminished. 

In a similar way, by reversing the formula (B), we 
shall obtain a corresponding formula: from (J7) we 
have, 

yx'^'dx{a + baf')^' 

- {af" (a + bary - («» + np)fx'^' dx {a + boTY) 
" pna 

which, writing ^+1 instead of/?, becomes 

- (a?"* {a + bxy^' - (f» + w + np)foir-'dx{a + bof'Y^^) /m 
{p+l)na 

In which ^ + 1 becomes — J9 + 1, or is diminished when 
p is negative. 

None of these formula can be applied when the de- 
nominators vanish; as in formula (A) when !»= —np. 
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But in all such cases the function proposed is inte- 
grable by elementary forms. 

(21.) Particular cases of these methods for the inte- 
gration of binomial diflFerentials have been given in 
another place. (Introd. to Calc. and Curves, p. 8.) We 
will, however, here add, by way of further exemplifica- 
tion, one class of such integrations not there noticed ; 
namely, those coming under the formula (C), or where 
the index of m is negative. 

— • ; 

here the index —m — \ in the formula is to be changed 
into — m^ and we have the integral 

(w-1) ^-' rn-lj x^'Jl^x' 

We may here obtain successively the integrals corre- 
sponding to successive values of m : but it is evident 
that this reduction from one value to another can only 
be continued so long-as we take m > 1, for if w = I the 
denominator vanishes. 

But in this case we may find the integral by other 
means. The expression becomes 

dx- 



x^l-x^' 

which is immediately recognized as the differential be- 
fore obtained for 

If we call this integral {A)y we may proceed from 
it to the other values of the expression ; making m suc- 
cessively = 3, = 5, &c. ; the formula gives, 



Digitized by VjOOQ IC 



138 INTEGRATION. 

&c. = &c. 

A series of even powers will in like manner be ob- 
tained if we set out from m = 2. In which case we 
have an elementary integral, whose value was found 
before, or, 

r—^ xA^^ =(«). 

And thence successively 

&c = &c. 

The student will find an excellent collection of ex- 
amples in Gander's Le9ons de Calcul. Int^al. 
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INTEGRATION OF 
TRANSCENDENTAL FUNCTIONS. 



The integration of diflFerential expressions involving 
transcendental functions of the variable was not en- 
tered upon in the former part of this work. We shall 
here give a short view of the principles of such inte- 
grations, and illustrate the general methods by a few 
examples. 



EXPONENTIAL FUNCTIONS. 
(1.) The principles of differentiation give us 

or daf'^srza'dx log. a, 
and therefore reciprocally 

log. a 

This is the elementary integral of logarithmic func- 
tions ; and by the combination of this with the fore- 
going methods we are enabled to integrate the general 
expression afXdx^ in which JT is a function of x. For 
this purpose, writing the expression thus, X . ofdxy 
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and integrating by the method of parts, we shall 
have 

J log. a ^ log. a 

or writing 

dX=Xjix, dX^ = X^dx, &c. 
we have also 

•/log. a *>^log.a (log-«) */(log-«) 

whence, substituting this value in the place of the last 
term in the equation above, we shall obtain 

fXardx = ^-^^ ^f-jr^, dX.. 
^ log. a (log. of ^ (log. ay 

This operation being thus continued, we shall arrive at 
the developement 

•^ V log. a (log. of (log. of (log. ay 

X^ rafdX^ \ . 
-(log. a)* •>'(log.a)»/ ' 

and if, taking the series of the differential coefficients, 
JTj, JT^, X^ .... X^ the last of these coefficients be 
constant, we shall have rfjr„ = 0, and therefore the part 
under the integral sign will vanish, and we shall have 
a finite value. 

(2.) We may arrive also at another developement 
oijafXdx in the following manner : 

TAokmgJ'Xdx = P.fPdx = Q,jQdx = jB, &c. 
and integrating by the method of parts, we shall have 
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CafXdx = al'P—Jaf log. a Pdx 
Ccf log. a . Pdx = a* log. a . Q — /«' (log. ay Qdx ; 
substituting in the previous equation, it will become 
yV. Xdx = a'P- a' log. a . Q + y^' (log. a) 'Qdx ; 

and continuing to integrate by parts, we shall have 
generally 

Ja'Xdx = «* [P- Q log. a -f /? (log. of - &c.] 
±rZa' (log. aydx. 

(3.) If the functions represented by P, Q, jB, &c. 
involve x in any negative powers, the last term will 

always contain the integral of ; a transcendental 

X 

function, the value of which we cannot determine in a 
finite form ; for the exponents of x in the functions P, 
Q, jB, &c. being successively diminished by unity, the 

last of these functions must be of the form — , and con- 

X 

sequently the last integral will be 

^ X ^ X 

since A is constant. 

We can, however, obtain an approximate value by 
substituting in the expression the developement of «*, 
which, as we have seen, is, 

1 -f orlog.a + |'(log. aY + ^ (log. a)3 + &c., 
and then integrating each term separately. 

Digitized by VjOOQ IC 



142 INTEGRATION. 

If in the equation — = d log. u^ ov du=^ ud log. u, 

we make i^ = 0;^, we shall have 

da:^ = a^d log. a^; 

thus, whenever we can decompose a differential into 
two parts, one of which may be represented by a^, and 
the other by d log. ^, the integral will be o?^ -f C. 

(4.) The integration by parts may be applied also 
to the expression JTdx (log. xy ; for if we represent 
the integral of JTdw by JT^, we shall have 

JXdx (log. xY = X, (log. xY - nf^dx (log.o:)'^^; 

and this last integral may be made in its turn to de- 
pend on another of the form 

X,dx{\og.x)^^^ 

and so on successively. 

(5.) For a first example we will take 
X^ar\ 
then the general method gives us, 

I x'^dx log. X = log. X — / (loff. xY 

m + l \ ^ m + lJ ^ ' 

/^^^{iQg.xY=:?^{iog.xy-2f ?^iog.^ 

•^ m-\-l */ m + 1 X ^ 

_(log.x)---A.(^) = (iO 






fardv (log, a^Y:.^ (log. ^y-^^ {B ) 
&c. = &c. 
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(6.) Next, let it be required to int^ate 
dx 
X log. X ' 

this function is evidently equal to d . log. x . , 

log. x 

and this again is d . log. [log. tr], 

or the integral is log. log. Xy 

which is often written log. ^x. 

(7.) In the same way, the expression 

dx 

X (log. xy 

is seen to be equal to 

d log. X _0-\-d log. X ^ 

(log.cT)-"" (l0g.^~' 

in which form it is immediately evident that it is the 

-1 



differential of the fraction 



log. x' 



(8.) Let it be required to integrate 

dx 
• • 

log. X ' 
writing i« = log.a?, we have 

ir=^ = l-f«+-.+ +&c. 

.-. dx^du + udu + \ u^du + &c. 

Hence f-^=r(^ + '^ + l''^ + kc.) 
^ log. X ^ \ u u 9t u / 

^ 2.2 2.3.3 

= log. log. X + log. « +^ Vr^—L + - \ °, C. ■*- *cc. 
^ ^ ^21.2 3 1.2.3 
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(9.) To integrate 

d% 
let €* = «, thence €'dit: = cfe, and c?;r = — , and the ex- 

pression becomes 



a form which has been before integrated. [Irrational 
Functions, 8.] 

This gives the integration of the expression 

dt^. ^* 



where n, <f>, and r are constant : an expression which 
occurs in some mechanical investigations. 



TRIGONOMETRICAL FUNCTIONS. 

(1.) We before pointed out the remarkable con- 
nexion between circular and logarithmic functions by 
means of differentiation. The same result may be ob- 
tained by integration ; and it is in this point of view 
that many writers introduce the notice of it. If it 
were required to integrate the expression 

dx 
duz=.-r » 
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we have, by multiplTing numerator and denominator 
by the factor (a? ^ — 1 + ^1 — ar») 

xdx a/ — 1 , 



and multiplying again by ^^-l 






Where it is easily seen that the numerator is the dif- 
ferential of the denominator, and we consequently 
have 

«= -7= log. {xv~i + v/r^'). 
v-i 

But the original differential is that of a circular arc «, 
in terms of its sine ^, and consequently ^^1— ^' is its 
cosine : or we have 

w,^y^l = log. (^/ — 1 sin. u + cos.u). 

Hence we might deduce the same results as before. 

Thus we might proceed to the deduction of the de- 
velopements of sin.^o?, cos. "a?, in terms of the sines 
and cosines of the arc <r and its multiples, as we did 
before (p. 50). These series afford the means of in- 
tegrating differentials affected by coefficients involving 
the powers of the wsine or cosine of the variable ; as we 
shall now proceed to explain. 

(2.) To integrate the expression cos/^xdx, in which 
«i is a whole number, we must put for cos."*ci? its deve- 

L 
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bpement, in terms of the cosines of the multiple arcs, 
so that the whole will be reduced to the knowing how 
to integrate the expression cos. mxdx. 

For this purpose, we must observe, that if, in the 
equation 

cf sin. ss=:cos. 7sd%j 

we make n — mx^ we shall have 

d sin. mx = cos. mx . mdx ; 
and therefore 

/cos. mxdx^ 

and, similarly, we should find that 

/sin. mxdx- 
m 

(3.) If we wished to integrate sin. "^xdx^ we might 
proceed in a similar way ; or, otherwise, representing 
the complement of x by 25, we should have 

0?=^ — «, dx= — C&5, sin. ^ = cos. «, 

which would therefore change sin. '"arc/a? into— cos."* sm/jb, 
and we might integrate as above. 

(4.) Taking the most general case sin."*a? cos. ^xdx ; 
if m be even, we will put m = 2p, when we shall have 
to integrate 

sin. ^^ X cos. ''xdx:=z (1 — cos.'^)'' cosJ'xdx ; and 

developing (1 — cos.'o:)'', and multiplying by cos.*xdx, 
we shall obtain a series of terms, each of the form 
cos.^xdXf which we shall integrate as above. 

If m be odd, we must put w = 2p -f 1, when we shall 
have 
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sin."*j?cos.'*a:d[r = sin.''* x cos."^ sin. xdx 

= (1 — CO^.^Xy COS.* ^( — rf COS. x) 

making cos. a?=:«, we shall change this expression 
into 

-(l-«y ««C&; 

and /I and n being, by hypothesis, whole numbers, we 
may develope the binomial and integrate. 
(5.) Applying this process to the expressions 

cos.** xdx sin.** xdx 
sin."x * COS."* X ' 

since the second comes under the form of the other, by 

making 0? = I -«, we shall consider only the first : and 

if W2 be even, we may assume m = 2p, whence we shall 
have 

COS."* xdx _ (l-sin. 'a;)^ dx 
sin. nx sin *a; 



__ 1 — ^ sin.'« -f ip . ^—— ) siu^a^ + &c. 

^ ® ^ dx, 



sm."^ 



an expression, the integral of which will depend on 
those of the forms sin. ^ xdx and 



sin.*a? 



If m be odd, making m = 2p + l,we shall have 

COS/^xdx (l—Sm.'xYcOS.xdx /- .• „ cf\R »djr 

sm."a: sm.*a? ^ sin." a? 

an expression, the integral of which will depend on 

those of sin.* x cos. xdx and- 



sin.* X 



The integrals of sin.* xdx and sin.^^r cos. xdx have 

L2 
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already been treated of; to integrate — ; — j^^ — we 
•^ ° sin.*^ 

must put sin. x = z, whence dw cos. a:=zdz, and conse- 
quently 

J sinJ'x ^ ^ •^ 1-A 

With respect to the integral of . ^ , the same transfer- 

sin. X 

d% 
mation will change this expression into f » ^ 

formula which is integrated by methods already given. 

dx 

(6.) If, lastly, we have to integrate ; we 

cos."*a?sin."^ 

must multiply the expression by cos.'^ + sin.'o;, a quan- 
tity equivalent to unity, when we shall have 

dx dx dx 



cos."'a?sin.*a? cos.**~'a? sin.^o? cos.^'a? sin.**~'a?' 

by which the sum of the indices of the denominator 
will be diminished ; and repeating the operation, and 
setting apart successively all the fractions, which in 
their denominators contain powers of the sine alone, 
or the cosine alone, (since we know how to integrate 
these fractions from what has preceded,) at the last 
operation we shall meet with terms still containing 
powers of the sine and cosine, or which will be of the 
following forms : 

dx dx dx 

cos. X sin. X COS. x* sin. x' 

(7.) To integrate 1 — , we must multiply the 

COS. X sin. X . 
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numerator by cos."a? + sin. *a?, and we shall have 

dx _ , COS. a? » sin, x d.^m. x d . cos, x 



COS. X sin. X sin. x cos. J? sin. x cos. ^ 

the integral of which is 

log. sin. x— log. cos. 0? +log. C=log. C tan. x. 

dx 

(8.) To integrate -; , we must put cos. ^ = «, and 

sm. X 

we shall have 

d% dx dz dz 



dx: 



sin. x^ sin. x sin.'o? 1 — «"' 



an expression integrable by the method of rational 
fractions. 

(9.) In regard to — — , we shall suppose sin. a: = », 

COS. X 

and we shall find 

/dx _ /» dz 
COS. X J A^l^z" 

(10.) In general, we may always transform expres- 
sions containing sines and cosines into others which 
do not contain them, by equating sin. x or cos. a: to a 
new variable «. 

For example, if in the expression sin.*" x cos/'xdxy 
we suppose sin. ;r = », we shall have 

dz 

COS. x=vi — «% dx = . , > 

vl— « 

and substituting, we shall find 

sin."* X cos.^'xdx = ^^'"(l -z')T{l - z')~^dz = ^j*" (1 - 2') t^ ^^> 

an expression which comes under the form of binomial 
differentials. 

l3 
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(11.) The method of integration by parts may also 
be applied immediately to the expression sin.'^a: cosJ'xdx, 
observing that in order to compare the expression with 
udv, we must decompose it thus : 

sin."^'a? COS. *a: sin. xdx=^ —sin. "^^xd — -- . 

n + 1 

(12.) Lastly^ trigonometrical formulae may in some 
cases be employed with advantage. To integrate, for 
example^ sin. mx cos. nxdx ; since by trigonometry, 

sin. a. COS. ft=i sin. (a + b) -f ^ sin. (a — ft), 

on comparing the expressions sin. ma^ cos. nxdx with 

this formula, we find 

sin. mx cos. nxdx = ^ sin. [{m + n)x']dx + ^ sin. [(w — n)x']dx, 

and the integral will be as above, 

fy^i cos. [{m + n)x'] _ j, cos. [(m— »)a?] 
m-\-n ' m—n 

These are some of the most fundamental methods 
for the integration of trigonometrical functions. But 
for a more complete view of the subject the student is 
referred to larger treatises. 

In all cases of transcendental functions we may 
obtain an approximate integration by series. 

(13.) We will now illustrate these methods by one 
or two examples. 

It was observed above (5) that the integration of 
dx 



sin. ^x 



was reducible to that of the binomial differen- 



tials of the general form -^j— „ referring them to 

the integrals of those forms (Bin. Diff. 21.) we shall 
find the integrals of the series of trigonometrical forms 
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which by trigonometry = log. tan. ^x 
sin.'o? J jB^vTTi' sin. x 
/;^ = /S^=""^^'^ + ilog.tan.i^. 

&c. = &c. 

Again, if in any of these expressions we consider % to 
represent cos. x and change the sign, we shall have 
the integral of the corresponding functions involving 
COS. X and its powers. 

(14.) To integrate du = 



sm. ^0? COS. ^x 
we have by the general form (6) 

dx p dx r dx 



y ^ ax _ /* ^ f " 
sin. ^x COS. ^x J sin. ^a; *^ sin. x cos. "^ 

And again the last term 

P dx _ ndx rdx sin. x 
J sin. X COS. 'a? ^sin. a; *^ cos. "^ 

And here again the last term 

sin.o? /*— rf COS. X 1 



/Yfo sin. X _ r- 
^ COS. 'a: *^ 



COS. 'a? COS. ;r 

We have then only to substitute the values of 
dx —cos. X y n dx 



/» ax _ —cos. «_ i/* 
sin. ^a; "" 2 sin.'o: ^ i 



sm. 0? 
l4 
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And C- =log. tan. \x. 

J sm. X 

Then upon the whole we have 

COS. X % ^ . i_ 1 g^ 

« = — — ; + - log. tan. 4 ^— -f C. 

2 sm. 'a: 2 cos. x 

. (15.) By means of these results we can integrate 

COS.^a 

an expression which occurs in mechanics, in which s 
and a are the variables, m the reciprocal of the modu- 
lus of the common logarithms. Hence for the first 
member of the equation we have 

J m 

And for the second, by the preceding formulae 

rJn. = "°-« +iIog. tan. (^ + f!) +C. 
J Ga&.^a 2cos.'« * ^ V4 2/ 
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INTEGRATION OF DIFFERENTIAL EQUATIONS. 



In the very brief notice of Differential Equations 
given in the former part of this work, we shewed how 
such equations could be integrated in the following 
cases. 

1st. When the variables can be immediately sepa- 
rated by common algebraic processes, and the integra- 
tion reduced to 



fXdx -vfYdy^ C= 0. 



2dly. Such forms as admit of having the variables 
separated so as to give integrations of the form 



/|./f.C=0. 



X^ Y 
Or of the form 

fXdx-f^^C^O. 

3dly. Equations of the form 

Mdx -f Ndy, 

where M and N are homogeneous functions of x 
and y. 

4thly. Equations of the form 
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du = Mdx + Ndjfy 

which is a complete differential of two variables. The 
condition which shews that an equation can be thus 
integrated being that we have 

dM^dN 

dy dx ' 

We purpose here to carry on the subject to such ex- 
tent as may suffice to convey a general acquaintance 
with its nature, without entering upon investigations 
unsuitable to an elementary treatise. 

We shall first examine a class of equations, which 
though not given in the form of complete differentials, 
are easily rendered such. This will readily be under- 
stood from the following instance : 

Completion of differentials hy a common factor. 

(1.) If we take the differential equation 
ydx—xdyz=.Oy 

and compare it with the last general form of those just 
given, we find 

Mzz^y^ N=—xi 

and hence proceeding to apply the criterion of integra- 
bility, we have 

dp ^ ^ dx 

The equation therefore is not a complete differential. 
But we may observe that it would become so if multi- 
plied by ~; for in this case we have 
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y y^ 

and ^=:i2=^- 

dy y* dx 
or the condition of the criterion is fulfilled. 

We shall find that there are many equations which 
may be thus rendered integrable by suppljdng a factor ; 
and the object of our inquiry will be to determine the 
principles upon which such a factor can be discovered. 

(2.) Let Pdx -f Qdy = be the equation which is a 
complete differential, and i the factor by which it is 
multiplied to make it so ; and which we will suppose 
a function both of x and y : thus both P and Q are 
multiples of %^ or 

and if we substitute these values in the preceding equa- 
tion^ and divide by %^ we shall have 

Mdx-^^Ndy^Q {a). 

Now the equation Pdx-\- Qdy = being, by hypothesis, 
a complete differential, we must have 

dP^dQ^ 
dy dx 

putting for P and Q their values, this equation will 
become 

dM%_ dN% ^ 
dy ~ dx * 

and, performing the differentiations in the numerators, 
we have 

Mdz^zdM^Ndz ^ zdN ^ 

dy dy dx dx ^ ^' 
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(3.) When the common factor « is constant, -j? and 
^ being 0, the equation (ft) becomes 

dy dec 

and, consequently, the condition necessary that the 
equation (a) may be a complete differential is fulfilled. 
But' when js is a function of x and y, the determina- 
tion of z depends on equation {b) ; and this equation 
is more difficult to integrate than the proposed one, 
which contains only the single differential coefficient 

-^, whilst the equation lb) contains three variables, x, 

^^ d% , d% 

y, %y and the two differential coefficients ^ ^^d — . 

(4.) If the equation be homogeneous, it is very easy 
to determine the factor ; for let Mdx -f Ndy =: be an 
homogeneous equation which becomes integrable when 
multiplied by an homogeneous function 2 of a: and y ; 
representing the integral of the equation ISIdx -f Ndy 
= by tt, we have 

%MdX'\'%Ndy^du (c) 

and this equation being homogeneous, we deduce by 
the principles before laid down for this class of equa- 
tions 

%M%^%Ny^nu (d) 

If now the dimension of M be represented by «», and 
that of % by ^, the dimension of one of the terms %Mx 
or «iVy will be «»+A-fl; this value, therefore, being 
put in place of ^, in the preceding equation, we shall 
have 

%Mx + %Ny = (w + A + 1) «, 
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and dividing the equation (c) bj this, we shall find 

Mdx-^Ndy _du 1 

Mx-vNy "IT ' m + k-hl 

The second side of this equation is a complete differen- 
tial, and the first must, therefore, be so also ; whence 

it follows that -=rs: ^^ is the factor proper to render 

Mx -f Ny 

the homogeneous equation Mdx + JVi/y = integrable. 

(5.) If the common factor », which ought to render 

the proposed equation homogeneous, be a function of x 

d% 
alone, we have -^ = 0, which reduces the equation (ft) to 

if 

xdM^Ndz^dN 
dy dx dx* 



whence we deduce 

Nd% 



_^/dM_dN\ 
\ dv dx / 



dx \ dy dx 

and consequently, 

j^d^_dN\ 

"^A^^^Jdx (.), 

integrating, therefore, we have 

xog.z^j-y^ ^)dx 

=Jl(^y^)d.; 
•/ N\ dy dx I 

^ N\dy d») ] 

I (/). 
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We have only, therefore, to multiply the proposed 
equation by this factor ss, and it will become a complete 
differential. 

Let the equation, for instance, be 

we obtain 

dM_dN^^ 
dy dx 

which reduces the formula {e) to 

/d%_ r^dx ^ 
% '^^ —X* 

whence we derive, by integrating, 

log. 85. = — 2 log.o? -f log. C= — log. x' + log. C= log.— ; 

•1/ 

and passing to numbers, we find 
the expression — ^ — — — ^ will consequently be a 



X 



complete differential. 



(6.) We may find an infinite number of factors 
which possess the same property. For let ss be a fac- 
tor which renders the equation M%dx + N%dy = com- 
plete ; representing the integral of this equation by w, 
we shall have 

M%dx + Mzdy = du ; 
multiplying the two sides by </>«, we shall obtain 
4>u {Mzdx + N%dy) = ^^udu ; 
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and <^« being arbitrary in its form, we may assume for 
it any function of u, for instance, 2w% and then Zu^'du 
being a complete differential, 

2w' {M%dx + N%dy) = 2u^du 

must be so likewise : thus the factor ^xu" is one which 
renders integrable the equation 

Mdx + Ndy=zQ. 

And we may have an indefinite number of such values 
of <^«^. 

Orders and Degrees of Differential Equations. 

(7.) Differential equations, as they may involve any 
powers of the variables and their successive differential 
coefficients, are distinguished^ like algebraic equations^ 
by degrees^ according to the algebraic dimensions of 
the different terms involving the variables and their 
differentials. 

They are also distinguished into orders according 
to the highest order of differentiation which they in- 
volve. 

When a differential equation is formed by succes- 
sively differentiating an equation of two variables, it is 
evident that there can result only a differential equa- 
tion of the first degree ; that is, the several differential 
coefficients will never appear either singly in any 
power but the first, or combined as factors in a pro- 
duct. 

Whenever therefore we meet with a differential 
equation of a degree higher than the first, we may be 
sure it is not one which can be referred to the direct 
differentiation of any primitive equation. 
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How such equations may arise will be understood 
from what was shewn in a former part of the work 
respecting the elimination of constants by differentia- 
tion. It there appeared that we might make any 
number of constants disappear by as many successive 
differentiations; and in so doing it was evident that 
the differential equation would rise to a higher degree 
than the first. 

We shall proceed to shew how these considerations 
apply to the reverse process of integrating such equa- 
tions. 

Theory of Arbitrary Constants. 

(8.) An equation, Vz=. 0, containing only a:, y, and 
constant quantities, may be regarded as the complete 
integral of some differential equation, which will be of 
an oiMer dependent on the number of constants which 
V^ contains : each of such constants being intro- 
duced by a successive integration. And if the differ- 
ential equation be of the »th order, it follows that 
V^ 0, which is supposed to result from these integra- 
tions, must contain at least n arbitrary constants more 
than the differential equation. 

(9.) Let us now take 

i.(.,,)=O.i.(..y,|)=0,F(..,.|.g)=o...(,) 

as the primitive of a differential equation of the second 
order, and those immediately derived from it ; between 
the two first of these three equations, we may elimi- 
nate successively the constants a and 6, and so obtain 
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If, without knowing the equation F {x, y) = 0, we 
had arrived at these equations, we should only have to 

eliminate J- between them in orderto obtain JP(a:,y) = 0, 

uX 

which would be the complete integral, since it contains 
the arbitrary constants a and b. 

(10.) If, on the other hand, we eliminated these 
two constants between the three equations {g)y we 
should arrive at an equation, which, containing the 
same differential coefficients, might be represented by 

but to this result either of the equations {h) would 
also lead us. For the constant contained in one of 
these equations and its immediate differential being 
eliminated between them, we should obtain separately 
two equations of the second order ; and these could 
not differ from each other or firom the equation (A), for 
if so the values of x and y would not be the same in 
the two. It follows, therefore, that a differential 
equation of the second order may arise firom two dif- 
ferential equations of the first order, which are neces- 
sarily different, since the arbitrary constant in the one 
is not the same with the arbitrary constant in the 
other. The equations {h) are called the first integrals 
of the equation (A), and the equation F (x, y) = 0, its 
second integral. 

Let us take, for example, y=:ax+b, which, on ac- 
count of its two constants, may be considered as the 
primitive of an equation of the second order. 

We deduce from it by differentiation, and the con- 
sequent elimination of a, 

M 
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y = a, y = a7 J^ + ft; 
ax ax 

and these two first integrals of the equation of the 
second order which we are seeking, being each dif- 
ferentiated in turn, lead us equally, by the elimination 

of a and ft, to the same equation -^ = 0. 

In the case in which the number of the constants is 
greater than that of the arbitrary constants required, 
the additional constants, being connected by the same 
equations, do not introduce any new relation. Let us 
investigate, for example, the equation of the second 
order, the primitive of which is 

y = ^ax^ + ft^+ c = 0. 
Differentiating this, we obtain 

^^ax + h, 
ax 

c and h being then eliminated successively between 
these equations, we have the two first integrals 

-^=iax + h,y = x -^-^ax^-^c .... (/) ; 

and combining each of these with their immediate dif- 
ferentials, we arrive, by two different ways, at the 

same result -^^ = a. If, on the other hand, we had 
ax 

eliminated the third constant a between the primitive 
equation and its immediate differential, the result 
would have been the same; for we should have ar- 
rived first at the result that would be fqmished us by 
the elimination of a between the equations (/), and 

foundthen a: -^=-^ — ft, an equation which is re- 
ax ax 
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duced to— ^ = a, by combining it with the first of the 

equations (/). 

(11.) Applying the same considerations to the dif- 
ferential equation of the third order, if we differen- 
tiate the equation F (x^ y) = three times in order, 
we shall have 

i.(x,,.|)=0,F(..„*,g)=., 

and these equations admitting the same values for each 
of the arbitrary constants which F {pc^ y) = contains, 
we may in general eliminate these constants between 
this last and the three preceding equations, and so ob- 
tain a result which we will represent by 

This equation, from which the three arbitrary con- 
stants are eliminated, will be the differential equation 
of the third order of F{x, y)=0; and conversely, 
jp^(,r, y)=0 will be the third integral of the equa- 
tion (m). 

(12.) If we eliminate each of the arbitrary con- 
stants successively between the equation F{Xy yy=0 
and that immediately deduced from it by differentia- 
tion, we shall obtain three equations of the first order, 
which will be the second integrals of the equation (m). 

Lastly, If we eliminate two of the three arbitrary 
constants, by means of the equation JP(«r, y) = 0, and 
the equations deduced from it by two successive dif- 

M 2 
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ferentiations ; i. e. if we eliminate the constants be- 
tween the equations 

P(..,)=0,F(x.s,,|)=0,F(.,j,,|,g) =0... in). 

there will remain, in the equations arising from the 
elimination, one of the three arbitrary constants suc- 
cessively; and consequently we shall have as many 
equations as there are arbitrary constants. 

Let a, ft, c be these arbitrary constants ; the equa- 
tions, considered only in respect to the arbitrary con- 
stants they contain, may be represented thus : 
</>c = 0, <f>bz=iO, <f}a=:0 . . . . (jp), 
and since the equations (n) contribute each of them to 
the elimination which gives us one of the last, it fol- 
lows that the equations {p) will be each of the second 
order ; they are called the first integrals of the equa- 
tion (m). 

(13.) Generally, a differential equation of an order 
n will have a number n of first integrals, which will 
consequently contain the differential coefficients from 

Jf up to -r; — ^ inclusively ; i. e. a number « — 1 of dif- 
dx ^ dor-' ^ 

ferential coefficients; and we see that when these 
equations are all known, we have only to eliminate the 
differential coefficients between them to obtain the pri- 
mitive equation. 

On the Particular Solutions of Differential JEquations 
of the First Order. 

(14.) We have before seen, on the principle of in- 
tegrating between certain limits, that a particular inte- 
gral may always be deduced from the complete integral, 
by giving a suitable value to the arbitrary constant 
contained in the latter ; this applies also to differential 
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equations. Suppose, for instance, that we have given 
the equation 

the complete integral of which is easily found to be 



if, for greater convenience of operating, we clear it of 
the roots, the jn'oposed expression will become, after 
dividing by dx and squaring, 

and we shall have for the complete integral 

when it is evident that by assuming for c a constant 
arbitrary value c = 2a, we shall obtain the particular 
integral 

which will possess the property of satisfying the pro- 
posed equation {q) equally well with the complete in- 
tegral: 

For we deduce from this particular integral 

_3f — 5a* dy _x ^ 
2c ' dx^c' 

by which values the proposed equation is reduced to 

c c 

and this is satisfied by substituting on the second side 
the value of c% which is given by the relation c = 2«, 
established between the constants. 

For a long time it was supposed that this property 
of the complete integral was general, and that when a 
differential equation between x and y was given, we 

M 3 
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could not meet with a finite equation between the same 
variables, which was not a particular case of the com- 
plete integral, by giving, as we have just done, an ar- 
bitrary value to the constant ; but it was at length 
discovered that this was not always the case, and Euler 
himself, in a memoir published in 1756, regarded as a 
paradox the singular fact that the equation 

x'^y^^a' . . . (*), 
possesses the property of satisfying the differential 
equation (g^), and yet is not comprised in the complete 
integral. For the equation {s) being differentiated 
gives xdx = — yrfy,and this value and that of a?'+y' being 
substituted in the equation (cj) cause all the terms to 
disappear, and consequently satisfy the equation; ne- 
vertheless the equation {s) is not comprised in the 
complete integral ; for whatever be the constant value 
we give to c in the equation (r), that equation can 
never lead to the equation {s) . 

This equation (^), which satisfies the one proposed^ 
without being contained in the complete integral^ is 
called a particular or singular solution of the equa- 
tion proposed. Clairault, about the year 1734, had 
remarked this fact, and it was for a long time sup- 
posed that equations of this sort were not connected 
with the complete integral; Lagrange shewed that 
they were dependent on it, and on this subject laid 
down the theory of which we shall proceed to give a 
brief account. 

(15.) Let Mdx + Ndy^O be a differential equa- 
tion of the first order of a function of two variables, x 
and y ; this equation may be conceived as arising from 
the elimination of some constant c between an equa- 
tion of the same, order, which we will represent by 
mdiV 4- ndy = 0, and the complete integral F {x,y,c) = 0, 
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which we will designate by u. But since all that is 
required is to take the constant c^ so that the equation 
Jifdx + N^dy = may be the result of the elimination, 
we see that, provided only the equation Mda? + iVi/y = 
be satisfied, we may make the constant c itself vary ; 
in which case the complete integral F {x, y, c) = will 
possess a still greater degree of generality. 

(16.) Suppose, therefore, that the complete integral 
being differentiated, considering c as variable, we have 
obtained 

dy^^dx^^dc {t). 

dx dc 

For greater simplicity we will write this equation 
thus: 

dy =pdx + qdc (v) ; 

and it is evident that if, whilst p continues finite, qdc 
become 0, the result of the elimination of c, considered 
as variable, between F (x, y, c) = and the equation 
(v) will be the same with that of the elimination of c, 
considered as constant, between F {x, y, c) = and 
the equation dy =:pdx. But that qdc may be = 0, we 
must have one of the factors of this equation 0, i. e. we 
must have 

dc =:0, or q=iO. 

In the first of these cases, cfc = gives c = constant, 
which is what takes place for a particular integral ; 
and it will therefore be the second case only that can 
answer to a particular solution. But q being the co- 
efficient of dc in the equation {t), we see that q=zO 
gives 

i=» ■•■• <-)^ 

and this equation may contain c or be independant of 

M 4 
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it ; if it contain c, two cases may happen : the equa- 
tion ^ = will either contain c along with constants, 
or will contain c along with the variables. In the first 
case, the equation q = will still give c = constant; 
but in the second it will give c=:J'{xy y), and this 
value being substituted in the equation F (a?, y, c) = 0, 
will change it into another function of x and y, which 
will satisfy the equation proposed without being com- 
prised in its complete integral, and will consequently 
be a particular solution : we shall, however, have only 
a particular integral if the equation c =y (^, y), by 
means of the complete integral, be reduced to a con- 
stant. 

(17.) When the factor q = of the equation qdc=zO 
does not contain the arbitrary constant c, we shall 
know whether the equation g^ = gives rise to a par- 
ticular solution by combining it with the complete in- 
tegral. For example, if from q=:0 we deduce x=:M, 
and substitute this value in the complete integral 
F (a?, y, c) = 0, we shall obtain 

c = constant = JB, or c =Ji/. 

In the first case, q = gives a particular integral ; for, 
changing c into S in the complete integral, we shall 
merely be giving a particular value to the constant, 
just as we do when we pass from the complete integral 
to a particular one. In the second case, on the con- 
trary, the value ^, introduced in place of c in the 
complete integral, will establish between x and y a 
relation difierent from what would result, were we to 
replace c merely by some constant arbitrary value ; and 
in this case, therefore, we shall have a particular solu- 
tion. What we have said of y, will apply in like man- 
ner to X. 
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(18.) It happens sometimes that the value of c pre- 
sents itself under the form - : this indicates a factor 



common to the equations u and U, which is foreign to 
them, and must be made to disappear. But on this 
point the limits of an elementary work prevent us from 
entering further. 

(19.) We will now apply this theory to the investi- 
gation of particular solutions, when the complete inte- 
gral is given. 

Let the equation be 



ydx—xdf/ = aj^dx^ + dy* (a), 

the complete integral of which is determined as fol- 
lows: 

First, dividing the equation by dx, and writing 

-/=/>, we obtain 
dx 

y^px = a^l+p' (/3); 

then differentiating in respect of x, y, and jp, we have 

dy-^pdx-^xdp^: — ^^ ; 

and observing that dy =:pdx, this equation is reduced to 
xdp + ^ P^ = ; 

which is satisfied by making dp^^zO. 

This hypothesis gives us jo = constant =:C, a value 
which, being substituted in the equation (jS), gives us 



y-ca?=«^l+c' (7) ; 

and this equation containing an arbitrary constant c, 
which does not appear in the proposed equation (a), is 
consequently the complete integral. 
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(20.) This being premised, the part qdc of the equa- 
tion (t?) will be obtained by differentiating the equation 
(7), considering c as the only variable ; which will give 

J acdc ^ 
ocdc -f — — = = ; 

and consequently from the coefficient of rfc, equated to 
zero, we have 

To disengage the value of c ; by squaring this equa- 
tion we find 

(l + O j?^ = «V; 

whence we deduce 



^=„-^-»+'-%-^.VT^=:7=5^ 



and, by means of this last equation, eliminating the 
root from the equation (S), we then obtain 



This value, and that of >^1 + c% being substituted in 
the equation (7), we shall have 

y+ s = , ; 

and thence 



an equation which, being squared, will give 
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and we see that this equation is really a particular so- 
lution ; for, by differentiating it, we obtain %= — ; 

and this value, and that of ^x^ + y% being substituted 
in the equation (a), reduce it to a' = «". 

(21.) In the application which we have just given 
of the principles demonstrated, art. (16), we have deter- 
mined the value of c by equating the differential co- 
efficient -|- to zero. This process will sometimes prove 

insufficient ; for the equation 

dy =:pdx + qdc 
being put under the form, 

Adx + Bdy + C(cfc = 0, 

where A, B, and C, are functions of a and y, we de- 
duce from it 

dy:=^^dx^^dc (?) 

dx^--^y---^dc (iy); 

and we see that if all we have said of y, considered as 
a function of <r, be applied to a?, considered as a func- 
tion of y, the value of the coefficient of dc will not 
necessarily result the same, since it is only requisite 
that some factor of B should destroy in C a factor 
different to what a factor of A could destroy in it, in 
order that the values of the coefficient of rfc, on the 
two hypotheses, may result entirely different. Thus, 

C C 

though very generally the equations ^=0, and -7 = 0, 

li A 

give the same value for c, this does not always hap- 
pen ; and, on this account, when we have determined 
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c by means of the equation _^ = 0, it will not be alto- 

ac 

gether useless to examine whether the hypothesis 

-^ = produces the same result. 
ac 

(22.) Clairaut first remarked a general class of equa- 
tions which admit of particular solutions: they are 
comprised under the form^ 

an equation which we may represent by 

y=pas-\-Fp (fl); 

and differentiating, we find 

dy—pdx + xdp^--^dp ; 

since dy zs^pdx, this equation is reduced to 

xdp-\-—-S'dp^O\ 
dp 

and dp being a common factor, it may be written thus : 

This equation will be satisfied by making rfjp = 0, which 
gives J9 = constant = cJ; and, consequently, substituting 
this value in the equation (9), we shall find 

yz=:cx + Fc\ 

which equation will be the complete integral of the one 
proposed, since an arbitrary constant c has been intro- 
duced by the integration. 

If w§ differentiate this equation in respect to c, we 
shall have 
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/ dFc\ , 

and, consequently, by equating the coefficient of dc to 
zero, we have the equation 

dc 
which, by the substitution of c in the complete integral, 
will give the particular solution. 

We have here only been able to give a very general 
account of this subject. To enter more fully into it 
would carry us beyond our limits: the student who 
is desirous to pursue it must have recourse to larger 
works. We proceed to an equally brief account of one 
or two other parts of the subject. 

Integration of Differential Equations of the Second 

Order. 

(23.) Differential equations of the second order be- 
tween two variables may be represented in general by 

•^(-^•^S)- w- 

We shall not enter upon the integration of such equa- 
tions in their general form, but merely proceed to ex- 
amine how the integral can be found in certain parti- 
cular cases. 

(24.) We will first suppose the case where the equa- 
tion is 

/(-l-SH w. 

which, by writing ^=p,g=|, 
will be reduced to 
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/(-.i"!) w- 

If this equation can be integrated, and we deduce from 
it j9 = -y^we shall readily obtain the value of y; for 

since the equation -j-^p gives us y^ Jpdx, if we sub- 
stitute in this equation the value of p^ we shall have 

y^JXdx. But if the equation (/a), instead of giving 
us the value of p in terms of or, should give that of x 
in a function of j^, so that we had ir=P, then inte- 
grating dy^pdx by the method of parts, we should 
have 

yz=.pX'-jxdp^ 

and substituting in this equation the value of ^, we 
should find 

y-zzpx-^jFdp. 
(25.) Next let us consider the case in which we have 

•^(*'i-^)=» «= 

making ^ =^, we shall find -^ = ^ ; and replacing 

dx by its value -i-, this equation will become 
P 

d^y _ pdp 
dx* dy ' 

Writing these values of --^ and ^ in the equation (v), 
it is transformed into 

and if this equation give p=V, we must substitute 
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this value in the equation dx = -^, when we shall ob- 
tain, by integrating. 



"=/% 



If, on the contrary, y results as a function of p, and 
we have, consequently, y = P; to obtain x, we must in- 
tegrate the equation rfo? = -?- by parts, when we shall 

P 
have 

p ^ p^ 

and substituting in this equation the value of y, we 
shall find 

p •^ JO" 
having integrated, we must then eliminate P by means 
of the equation y = P. 

(26.) When the equation {k) contains, along with 

^, only one of the three quantities ^^ w, and y, we 
dx' dx 

have, in the first case, 

/(i-g) =»•••■ «' 

and making ^=jp> and consequently^ =-^, and sub- 
stituting these values in the equation (gr), it wiQ become 



/('•D- 



dxj 
From this equation we deduce 



t=^ •«' 
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and consequently 

On the other hand, the equation -^ = J9 gives us 

ax 

y=zjpdx\ 

and substituting in it the value of dx^ given by the 
equation (/?), we obtain 

y=y^ W. 

Having integrated the equations {a) and (t), we must 
eliminate between them the quantity p, to obtain an 
equation between x and y. 

(27.) In the case in which -=-?^ appears combined 

€vX 

only with a function of a?, we have 



multiplying by dx^ and integrating^ we Ifind 
representing /JtTfo by X^^ we have 

and multiplying again by dx^ and integrating, we ob- 
tain 

y^fXjix^C. 

(28.) Lastly, when ^ is given in a function of y 
alone, we have only to integrate the equation 
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To do this, we multiply the equation by 2£?y, which gives 

ojp ax 

and the first side being of a form similar to the dif- 
ferential of a?\ we find, by integrating, 

extracting the square root of this, we obtain 

and, by a second integration, we deduce 

* +c.. 



'^f-^d 



yYdy 

Partial Differential Equations of the First Order. 

(29.) An equation which subsists between differen- 
tial coefficients, combined, according to the case, with 
Variables and constants, is generally a partial differen- 
tial equation, or contains differential coefficients which 
indicate that the differentiation is only effected in re- 
spect to one of the variables. For greater simplicity, 
we will first suppose that the proposed function con- 
tains two variables, and consider the partial differen- 
tial equations of the first order, i. e. those which con- 
tain only one or more differential coefficients of the 
first order. 

(30.) We will commence with the following equa- 
tion, 

— —a 



N 
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If », instead of being a function of two variables x and 
y, should contain only a?, this would be no more than 
an ordinary differential equation, which, being inte- 
grated, would give ss = aa? + c ; but since, in the present 
case, « is by hypothesis a function of a? and y, the terms 
involving y in the function z must have disappeared by 
the differentiation, since in differentiating in respect of 
^, y has been considered constant. We must, there- 
fore, in integrating, adhere to the same hypothesis, and 
suppose that the arbitrary constant is in general a func- 
tion of y ; whence, consequently, we shall have for the 
integral of the equation proposed, 
« = ffa? + ^y. 

(31.) If we have also the partial differential equation 

in which JT is a function of x ; multiplying each side 
by dx, and integrating, we shall find 

%=jjrdx+<f}t/. 

(32.) For example, if the function represented by 
JT be a:" + a% the integral would be 

» = -. +a"a?+^. 
3 

(33.) In a similar manner to integrate 

dz yr 

di^ ' 
we find 

%=:Yx'\-<t>y. 

(34.) We may in like manner integrate every equa- 

d% 
tion in which -^ is equal to a function of two variables 

X and y. 
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If we have, for example, 
dz a: 



considering y as constant, we multiply by dx^ and 
integrate according to Int. Calc. (form 8) ; when repre- 
senting by (^y the constant which ought to be added to 
the integral, we have 

(85.) Lastly, if we have to integrate the equation 
d% _ 1 

y as before being considered constant, we shall have 



— I 



X 

ss==sin. .- + <^y. 

y 

(36.) Generally, to integrate the equation 

•—.dx^FlXyV) dx, 
dx 

we must take the integral in respect of x, and add- 
ing a constant function of y to complete it, we shall 
find 

8s=y^ (x, y) dx + <t>y. 

(37.) From what has been said, we see that, except- 
ing the hypothesis of one of the variables being con- 
stant, and the introduction, in the integral, of a con- 
stant function of that variable, we follow the same 
process as in the integration of ordinary differential 
equations. 

(38.) Let us consider now the partial differential 
equations which contain two differential coefficients of 
the first order, and let the equation be 

N 2 
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iJf^ + i\rf =0, 
ax ay 

in which 31 and N represent given functions of x and 
y ; we deduce from it 

rfy ~ N dx' 
and substituting this value in the formula 

d%^^dx + ^dy («); 

dx dy 

which expresses only the condition that % is a function 
of X and y, we obtain 

or d^^^.^^-^^y. 

dx N 

Let A be the factor proper to render Ndx — Mdy a 
complete differential ds ; we shall have then 

A {Ndx--Mdy)^ds (A); 

and, by means of this equation, eliminating Ndx^Mdy 
from the preceding one, we obtain 

rfx = — - — ds. 
xN dx 

Lastly, observing that the value of -.- is indeterminate, 

ax 

1 dz 
we may assume it such that — =-^ . -^ ds shall be im- 

^ xN dx 

1 d% 

mediately integrable, which requires that --^ji- he a 

A-ZV ax 

function of s ; for we know that the diflferential of 
every given function of s must be of the form Fs . ds. 
From this therefore it follows that we must have 



Digitized by VjOOQ IC 



DIFFERENTIAL EQUATIONS. 181 

1 d^ _p 

which will change the preceding equation into 

d% = Fsds ; 
whence we deduce 

z^<f>s .......* (c)* 

(39.) If we integrate by this method the equation 
^ d% ^^ d% ^ / 7v 

^^-^^=^ ^^' 

we have in this case M= — y, iV=a?, and the equa- 
tion (a) will consequently become 

ds=\ {xdx + ydy). 

It is evident that the factor proper to render the second 
side of this equation integrable is 2 ; substituting, there- 
fore^ this value for A, and integrating, we have 

s = x^^y^\ 

whence, putting this value in the equation (c), we have 
for the integral of the equation {d) 

% = 4>{x'-\-y'). 

(40.) Let now the equation be 

P^ + Q^ + R = (e), 

dx dy 

in which P, Q, -B, are functions of the variables ^, y, . 
% ; dividing by P, and making ^=il!/, p = iV, we may 
put it under the form 

i-^l^^=» ^■' 

and writing -i- =P, t~ — Q^ this will become 
dx ^ dy 

p^Mq-\-N=:0 {g). 

N 3 
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This equation establishes a relation between the coef- 
ficients p and q in the general formula 

dz^^pdx-^qdy {h)\ 

without this relation p and q would be entirely arbi- 
trary in the formula, since, as we have already ob- 
served, it does no more than indicate that ss is a func- 
tion of X and y, and that function may be any what- 
ever. Thus in the equation (k) p and q must be 
considered as two indeterminate quantities; and eli- 
minating p by means of the equation {g)^ we shall 
obtain 

d% + Ndx—q {dy—Mdx) (*) 

in which q will still remain indeterminate: but we 
know that when an equation of this sort holds good^ 
whatever be the value of y, we must have separately 

dZ'^Ndx=z0^dt/—Mdx=0 (I). 

(41.) If P, Q, and R do not contain the variable ss, 
it wiU be the same with M and JNT; in which case the 
second of the equations (/) will be an equation between 
the two variables x and y, and may become a complete 
differential by means of a factor which we will repre- 
sent by A, whence we shall have 

A {dy—Mdx)^0 («i); 

and the integral of this equation will be a function of 
X and y, to which we must add an arbitrary constant 
Sy so that we shall have 

F{x,y)^s, 
and consequently 

This value of y is that given by the second of the 
equations (J) ; and in order, therefore, that the two may 
hold good simultaneously, this value of y must be 
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substituted in the first of the equations (/) ; for though 
the variable y does not explicitly appear in that equa- 
tion, we see that it may be contained in N. 

This substitution, from the nature of the value which 
we have just found for y, comes to the same thing 
with considering y, in the first of the equations (/), as 
a function of x and s ; and the first equation being, 
therefore, integrated on this hypothesis, we shall find 

«= —fNdX'\'4>s. 

(42.) To give an example of tl^is mode of integra- 
tion, let us take the equation 

comparing it with the equation (y), we have 



M=y i\r= -gN/^ + y («), 

X . X 

and these values being substituted in the equations (/), 
they will be changed into 



dz — a — ^ dxz=0, dy—- dx=zO . . \ (p). 

X X 

Let A be the factor which renders this last equation in- 
tegrable ; we shall have, then. 



or 



xldy-^dx^ =0, 



and this equation will be integrable, if we make A=- 

X 

since in that case its first side becomes a complete dif- 
ferential (p. 154.) 

n4 
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Equating, therefore, the integral of this equation to 
an arbitrary constant s, we have 

and consequently 

By means of this value of y, the first of the equa- 
tions (p) is changed into 



dz 



.ai/^±^'dx = 0, 



or 



whence, integrating and considering s as constant, we 
shall obtain 

z^cudx^l + ^'^ + 0*, 

and consequently 

Replacing the value of *, there results, lastly. 



or 



V x^ ^ X 
%=:ajx'+y'^<t>^ 



X' 

(43.) In the most general case^ in which the coeffi- 
cients P, Q, R, of the equation {e) contain the three 
variables x, y, «, it may happen that the equations (/) 
contain each of them only the two variables which ex* 
plicitly shew themselves in the respective equations; 
and that consequently we may put them under the 
form 
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dz=:J\x, z)dx, dy=^F{x, y)dx. 

We cannot integrate these equations independently of 
each other, by supposing, as in art. (36), 

for in this case we see that we must assume ;s to be 
constant in the first equation, and y to be constant in 
the second; hypotheses which are contradictory to 
each other, since one of the three variables, x, y^ ss, can- 
not be supposed constant in the first equation without 
its being also constant in the second. 

(44.) The following is the method by which we 
must integrate the equations (/), in the case in which 
they contain each of them only the two variables which 
expressly appear : let /x and A be the factors which 
render the equations (/) complete differentials ; repre- 
senting these differentials by dXJ and dV^ we have 

\{dz + Ndx) = dU, ii.{dy - Mdx) = dF, 

and by means of these values, the equation {k) be- 
comes 

dU^q^dV . . . (q). 

Since the first side of this equation is a complete dif- 
ferential, the second must be so likewise, which re- 
quires that g^ - be a function of F; representing this 

function by <f>V, the equation (q) becomes 

dU^<t>FdV\ 
whence we deduce, by integrating, 

(45.) Let us take, for example, the equation 
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dz .dz 

this being written thus, 

dz xdz ^z_^ 
dx ydy X 

and compared with the equation (y*) we have 

y ^ 

by means of which values the equations (/) become 

X •^ y 

and getting rid of the denominators, we have 

xdz'-%dx=z0, ydy^xdxz^O. 
The factors pn^r to render these equations int^^raUe 

are ~ and 2 ; substituting these, and integrating, we 
find - and y'— ^' for the integrals ; and putting these 

X 

values in place of Z7and V, in the equation Z7=*Fi 
we shall obtain, for the integral of the equation pro- 
posed, 

^ = *(y»-arO- 
<r 

(46.) It is to be observed, that if we had eliminated 
q instead of J9, the equations (/) would have been re- 
placed by the following ones : 

Md%-^Ndy^O^ dy^-Mdx^O . . . (r), 
and since all that we have said of the equations (/) wiU 
apply equally to these, it follows that, in the case in 
which the first of the equations (/) is not integrable, we 
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are at liberty to replace those equations by the system 
of the equations (r) ; i. e, to employ the first of the 
equations (r) in place of the first of the equations (/), 
and then see if the integration be possible. 
(47.) For example, if we had 

dz d» 

' dx 

this equation, divided by a%^ and compared with the 
equation {/), would give us 

a az 

whence the equations (/) would become 

dz+^dx=:0,dy+^ dxz=:0; 
az a 

and getting rid of the denominators, we should have 

azdz-^-xydx^^OjOdy+xdx^O . • . (s). 
Now the first of these equations, containing three 
variables, cannot be immediately integrated ; we shall 
therefore replace it by the first of the equations (r), 
when we shall have, instead of the equations (^), the 
following, 

--£& +^ di/=zO,adf/ + xdx=zO; 
a az 

suppressing ^ as a common factor in the first of these 

equations, and multiplying the one by 2z, and the other 
by 2, we shall find 

— 2zdz + Syrfy = 0, 2arfy + 2xdx = 0, 

the integrals of which are 

y*—z% and Zay+x' ; 

and substituting these values in place of {/and V, we 
shall have 
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(48.) It may be observed, that the first of the equa- 
tions (r) is no other than that which results from the 
elimination of dx between the equations (/) ; and this 
remark might lead to some general considerations in- 
volving the application of the same principle, but they 
would be of too great a length to be introduced here. 

(49.) We shall terminate this imperfect sketch of 
partial differential equations of the first order, by the 
solution of the following problem : An equation which 
contains an arbitrary function of one or more va^ 
riahles being given, to find the partial differential 
equation which has produced it. 

Suppose that we have given 

by writing 

the equation will become 

z=zFu; 

and since the differential of u must, in general, be a 
function of u, multiplied by du, we may assume 

r/« = (f>udu. 

If now we take the differential of z, in respect of x 
only, i. e. considering y as constant, we must take the 
differential of u also on the same hypothesis; and, 
consequently, dividing the preceding equation by dx, 
we have 

considering, then, x as constant, and y as variable^ we 
find, by a similar process,^ 
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DIEFERENTIAL EQUATIONS. 189 

The values of the differential coeflScients — - and — 

ax dy 

which enter into the equations {v) and (tr), will be ob- 
tained by differentiating the equation {t\ in respect to 
X and y successively, which will give 

ax dy 

substituting these values in the equations (t?) and {w\ 
we have 

dx dy 

and eliminating (f>u between these equations, we find, 
lastly, 

dz dz 
y — =x — . 
dx dy 



Partial Differential Equations of the Second Order. 

(50.) A partial differential equation of the second 
order, in which ss is a function of two variables x and 
y, must always contain one or more of the differential 
coeflScients 

d'z d'z d^z 

dx^ dy^ dxdy 

independently of the differential coeflScients of the first 
order which it may contain. 

(51.) We shall confine ourselves to integrating the 
most simple of the partial differential equations of the 
second order, and shall commence with 
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19a INTEGRAL CALCULUS. 

multiplying this by dxy and integrating in respect of 
Xy we must add to the integral an arbitrary function of 
y, which glv^ 

d% . 

multipljring again by dw, and designating by ^ the 
function of y to be added to the integral, we find 

(52.) Let it be proposed to integrate the equation 

in which P is a function of x and y ; proceeding as be- 
fcMPe, we shall find first 

and a second integration will give us 

%-J\_fPdx^<jA/]dx+yiy. 
ite in 1 

and we should find 

« ^J^l^fPdy + <^a?]rfy + ^x. 

(^4.)^ The equation 

d'% j> 



(53.) We might integrate in the same manner 
d'% 



dydx 

Bsyiist be u»it^at^» first in respect to one of the va- 
riables, and then ui respi^ct to tihe other, which will 
give 

« =J^[/Pdx + 4y]dy + it>x 
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(55.) Generally, we may treat in a similar manner 
any one of the equations 

in which P, Q, 22, &c. are functions of x and y \ and 
this will lead to a series of integrations, each of which 
will introduce an arbitrary function into the integral. 

There are several other forms of this kind which 
admit of easy integration, but upon which the limits of 
an elementary sketch prevent our entering. The 
same remark must apply to the omission of several 
topics of interest and importance ; such as the deter- 
mination of the arbitrary functions which complete the 
integrals of partial differential equations of the first 
order ; which must be determined by the conditions 
which belong to the nature of the problems which 
have produced those equations. For the investigation 
of these, and other further details of the whole subject, 
the student must be referred to larger works. He wiU 
find many of them discussed in Lacroix's Elementary 
Treatise : and in the notes to the Cambridge transla- 
tion some valuable illustrations are given. In Gamier's 
Le9ons de Calcul Integral will be found some impor- 
tant details: but the most complete investigation is 
that contained in Lacroix's large treatise. 
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No. I. 

COMPRISING 

SOME ALTERATIONS 

IN THE 

« PRINCIPLES OF THE ALGEBRAIC THEORY 
OF CURVES.'' 



IN the " Principles of the Algebraic Theory of Curves," 
it has been found that there are one or two points on which 
difficulties have been experienced by those who were com- 
mencing their acquaintance with this branch of mathematics. 
In the hope of removing those difficulties, the author here 
subjoins the discussion of one or two of the points alluded to, 
in what he trusts will be found a better and simplified form. 

These paragraphs are so printed that the pages in the ori- 
ginal work containing the passages referred to, may be can- 
celled, and those marked with the same numbers in this Ap- 
pendix be substituted in their places ; viz. pages 23, 33, 37, 
and 61. 
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SECOND DEGREE. 28 



^^Dy^Ex+F^O. 



(1.) Bxy + Cx' 

(2.) Bxy 

(3.) Ay^^Bxy 
(4.) ±Ay' TCx\ 

(11.) Of these forms however it is essential to ob- 
serve, that the first supposes -4 = 0; in which case the 
equation cannot be solved for y as above. In this case, 
however, we might solve it for a?, and obtain exactly 
similar results. 

In the second form, where we have both -4 = and 
C=0, we can give no solution either for x or y, in the 
same way as before. It may however be easily shewn 
that by a mere transference of the locus to other axes, 
which will not affect its nature, we can obtain an equa- 
tion which will come under one of the other forms, and 
therefore shews that the locus still belongs to the same 
class. Taking therefore the case -4 = 0, C= 0, let us 
proceed to transfer the locus to new axes X^ F",, with 
the same origin whose angle of ordination is »„ and so 
placed that JT, bisects the angle XYy each half of 
which we will write = </>. Then we have 

Making these substitutions the general formula, (In- 
trod. 5.) gives 

-a?,sin.<^-fy,sin.(ft>, + ^) 
sin. 01 
^ _ a?3 sin. <f>+y^ sin, {ta^ ~ </>) 
sin. (0 

We have then only to substitute these values in the 
equation 

Bxy + Dy-{-Ex + F=Oy 

and it becomes (removing the accents) 
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24 SECOND DEGREE. 

-^-^ [( - J? sin.(p +y sin.(co + (p) VoT sin.ip +y sin. ^ 

+ -r—pr Lrsin. (p + vsin. (a) + (f>) ^=0 

sin.2<pL r ^f V T/j J 

E r "] I 

H--:r-7r-hp sin. (p+^ sin. (ctt — (p) +-F J 

sin.S&<p L J 

Performing the multiplication in the first term it be- 
comes 

n r— a?'sin.> — j?ysin.</)sin. (« — <^)^ 
-v-^— -J +.ry sin. </) sin. (« + </)) V 

s^"^ -^^ t +y»sin. ((. + (/)) sin. («^<^).J 

If we then collect the terms, and arrange them accord- 
ing to the powers of y and x, and write single letters 
for the coefficients, we shall have evidently an equation 
of the form 

ay^ + pxy + ya;' + Sy + €0? -h i^ = 0. 

Thus it appears that the locus of the second of the 
above forms properly belongs to the class of the hyper- 
bola, being only differently situated with respect to the 
axes. 

(12.) 2dly. The condition which gives the eUipse, 
or — (J?* — 4^C) will remain unaltered only on the 
supposition jEf = 0; for since JB^ is essentially positive, 
neither A nor C can be = ; and when jB = 0, we 
must have 4^C positive, in order that the negative 
sign may remain : that is, A and C must each have the 
same sign. Hence the only variation which the equa- 
tion admits in this case is 

(5) Ay'-hCx' + Dy + Ex + F^O. 

(13.) Sdly. The condition which gives the parabola 
fi* — 4^C=0, will remain unaltered if we have (1) 
J? = and ^ = 0, or (2) J? = and C=0. 

Hence the variations of the general equation will be. 
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SECOND DEGREE. 33 

In the central curves where q has a finite value this 
general expression may be written 

Or since (16) we have^ = 2a this becomes 

If we proceed to transfer the origin to the centre^ the 
new value of x will be in general 

x^ = x-\-a^ whence x^-x^ — a. 
Substituting this value, and suppressing the accent, the 
equation referring to the centre will be 

y^ ^^{^ + «)(^--«) =q (^' — «')• 

Or if we write for a its value S- this becomes 
^ 2a 

y^:^P(x'^a'). 

Or again, if we write b^=z^, whence q=~9 

y» = *! (a?»-a»). 
And similarly the equation referred to the vertex will be 

2a 

or y* = -, (2«a? + ^'). 

a 

These forms being general for the central curves, if we 

supply the proper signs, we have + ^f, and therefore 

+ 2a, which will give the several forms (the upper sign 

belonging to the hyperbola, the lower to the ellipse) 



y'=±£(±2flw: + x') . 


. (C) 


y'=±£(^'-a-) . . 


. . (^)- 
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34 SECOND DEGREE. 

b' 

y'= ± ,(±2a«- + a:') . . . (c) 

y'=±j,(^-«') . . . . (rf) 

Dividing this last form by b\ we obtain another form 
which is often used : 

^ -4- U 1 

6 a' 
Or changing all the signs 

(24.) The general expression y^=zpX'\-qx* corre- 
sponds to the case of a diameter coinciding with the 
axis X^ and having its ordinates parallel to Yi and in 
the ellipse its conjugate diameter also parallel to P". 
And since the angle of ordination is arbitrary, this may 
be applied to any pair of conjugate diameters. 

h^ 
In the substitution fl^ = — in form (d\ it is evident 

a* 

that J' or qa^ is the value of y^ when ar = 0. But in 
the ellipse in this case y becomes the semi^-conjugate 
diameter : hence the parameter is a third proportional 
to the conjugate diameters. And since this equation 
applies to the hyperbola also, we may have lines through 
the centre, parallel to the ordinates of any diameters, 
and determined in length by this proportion, which 
may be considered as conjugate diameters. 

This equation gives us the property that the rect- 
angles of the abscissae, or in the parabola, theabsciss€B 
simply, are as the squares of the ordinates. Also in 
the parabola the parameter is a third proportional to 
any abscissa and its ordinate. 

By these properties we are enabled to identify the 
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In the first case the diameter meets each of the oppo- 
site curves to which the equation belongs. 
In the second, it never meets them. 

In the third case, if we have ~ = »i, the diameter 

a 

only meets the curve at a point infinitely remote : or 

in other words, if in the hyperbola the equation of a 

line through the centre be 

with the condition - = -, that line never meets the curve 
a a 

or ceases to be a diameter according to the definition ; 

but it is the limit in position between those diameters 

which do, and those which do not meet the curve. 

(28.) But we may consider these lines in another 
point of view. 

If we take the equation of the hyperbola when the 
origin is at the centre, and suppose x to become infi^ 
nite, the equation 

y'=^; (ar»-a'), 
since a vanishes in comparison with x, is reduced to 

^ a* 
or since now both sides are complete squares, 

h 
a 

an equation of the first degree. 

The supposition of x becoming infinite is equivalent 

d3 
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to finding the form of the equation when referring to 
a part of the locus infinitely remote : and we find that 
in this case it becomes the equation to two straight 
lines equally inclined to the principal diameter. With 
these lines the curve may therefore be considered 
to be identified at a distance infinitely great : in other 
words, at very great distances it approaches indefinitely 
towards such coincidence. And this circumstance of 
the equation taking the form of that of a straight line 
when X is made ir^finitef affords the algebraic defini- 
tion of asymptotes. 

We see immediately from the nature of the equa- 
tion that this applies only to the hyperbola. In the 
ellipse X cannot become infinite, and in the parabola 
the equation y^ =px retains its form for all values of a?, 
and is not reducible to a lower degree. 

In the hyperbola it is evident that if we take the 
equation with rectangular axes, we have 

- = tan. <b 
a 

for the angle at which the asymptotes are inclined to 
the axis JT. 

(29.) If we take the equation to the hyperbola 

as referring to rectangular axes, and transfer the locus 
to oblique axes having the same origin, and inclined 
so that the axis JT bisects their angle of ordination, 
each half of which we will write = </►, then we shall 
have in the case of the general formula [Introd. 6. 
case 3.] 
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SECOND DEGREE. 38a 

or the formula becomes 

y= — a?3 sin. <f>-\-y^ sin. <f> 

X = X^ COS. </> + 2/a COS. <f>, 

or y = (y3-^a)sin. </^ 

^=(ya + ^a) COS.(f>. 

Substituting these values in the equation, it becomes 
(suppressing the accents) 

(y-a?)'sin.'^ = -, [ (y + a?)»cos.V— aA . 

Now if we take the asymptotes for these new axes, we 
have 

&'_ sin.V 

a' " cos."</>' 

and the equation becomes' 

(y - ^) ' sin.V == (y + a;)»sin.> - ^5!^1Bi^. 

cos.*^ 

But on expanding the powers and subtracting, they 

are reduced to — 4iXy. Hence, multiplying by . ' ^ , 

sm. (fi 

there results, 

A • f i 3 sin. d> 

4^y sm. (b COS. </► = «' T 

cos.</> 

ory 2 sm. <f> cos. = — . 

This, by trigonometry, is equivalent to 
^ysm. 2<^=— , 

which is the equation of the hyperbola referred to its 
asymptotes as axes, or, as it is commonly called, the 
equation of the hyperbola between its asymptotes. 
This equation shews the property that the areas of 
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the parellelograms contained by the asymptotes and 
the two coordinates of any point in the curve, are all 
equal to one another, and to half the rectangle of the 
semi^axes. 

If 2^ be a right angle the equation becomes simply 

ab 

and the hyperbola is termed rectangular, or equilateral. 
In the general investigation of the equation we 
found, that in the case of two equal roots the locus 
becomes two straight lines intersecting. In the sim- 
plified form of the equation, under the condition 
J? = 0, Z) = 0, and 2^=0, the equations to these lines 
become 

a 

Their point of intersection now lies in the axis Jf, 
with which the diameter coincides, and is obviously at 
the bisection of the line intercepted between the two 
vertices W^ with any other values of the roots. 

If we suppose rectangular axes, the coefficient - 

a 

which gives the inclination of the line to the axis JT^ 

if ^ be the angle of inclination, becomes = ^°' ^ , 

COS. 4> 

Thus these lines coincide with those which would 

be the asymptotes of the curve if it existed ; or the 

curve in this case, as it were, merges into a coincidence 

with its asymptotes. 
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half right angles with the axis at the origin, where 
they are also tangents to the curve. 

(11.) Hence we may derive a geometrical construc- 
tion. 

The equation of the equilateral hyperbola with the 
origin at the centre is 

that of its tangent, at a point a ^, 

whence the equation to the perpendicular on this tan- 
gent through the centre is 

y + ca?=:0; whence )S= — ^. 
a X 

Substituting this value in the equation to the tangent, 

since for the point of concourse their coordinates ai'e 

identical, we have 

^^yL-^xa^-a"', 

X 

, a'x ^ a'y 

whence « = '-^^ — ^— 

y^^x* y*-hx^ 

Then substituting these values of a and 13 in the equa- 
tion to the hyperbola, of which they are coordinates, 
a^x^-^a*y^ _ , 

ir+xy^^' 

or a^ (^ - y') = (y' + x^y ; 
which is the equation to the locus of the concourse of 
the tangent and central perpendicular in an equHa- 
teral hyperbola ; and is evidently the same as that of 
Bernouilli's lemniscata. 

By a method precisely similar may be investigated 
the loci of the concourse of the tangent and central 
perpendicular generally of any hyperbola and of the 
ellipse, which give a series of analogous curves. 
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NTH DEGREE. 

The fifth and higher degrees of equations present no 
instances of importance : we shall therefore proceed to 
the general properties of algebraic curves of the nth 
degree. 



SECTION V. 
EQUATIONS OF THE iVTH DEGREE. 

(1.) A general and complete equation of the nth de- 
gree, is one consisting of terms which involve the va- 
riables X and y in all the combinations of the powers of 
each, such that the highest sum of the exponents shall 
be = 92, each term having a constant coefficient. These 
combinations are easily exhibited; and most clearly, 
when arranged in the following tabular form \ 



r 


tr^x 


y—.^. 


y^a^ 


— 


— 


ya^^ 


of" 




y- 


y^^x 


if^x' 


— 


— • 


yar-- 


af^' 








— 


— 


" 


— 


— 


— 










— 


— 


— 


— 


— 










y 


y^x 


yx^ 


x^ 










y 


yx 


X' 










y 


X 










1 







g De Gua*s improvement on a similar arrangement by Newton. 
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No. II. 
ON THE GENERAL THEORY OF ASYMPTOTES. 



If in the equation to a curve we make a; = oo , and 
by virtue of this supposition find that from the eva- 
nescence of certain terms we have a new equation re- 
sulting for y in terms of x^ that equation may be un- 
derstood to be that belonging to a portion of the locus 
at an infinite distance : or more properly to be that of 
a curve with which at remote distances the former 
curve tends to coincide. This second curve is called 
an asymptote to the first ; or if the new equation be of 
the first degree, we have a rectilinear asymptote. This 
is the general algebraic definition of an asymptote. 

If we take the equation of a curve, and investigate 
a series expressing the value of y in descending powers 
of x^ which is effected generally by Lagrange's theo- 
rem, and confine ourselves to the term involving the 
first power of a?, on the supposition a? = oo, we shall 
have the equation of a rectilinear asymptote. If we 
take two terms, we shall have a curve which is asymp- 
totic to the first, and approaches it more nearly than 
the rectilinear asymptote. If we proceed to include 
three, four, &c. terms, we shall have a series of curves 
each approaching the first curve more nearly. 

This theory will be sufficiently illustrated by the fol- 
lowing example : 

Let there be given, as the equation of a curve, 
aor* — Jy^ H- c^a:y = 0. 
Here, in order to apply Lagrange's theorem, we have, 
by writing y^ = w, 

-x^ •\-— w^a; — ?/ = 0; 
b b 

and comparing this with the form 
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ASYMPTOTES. 

we have y^fii^v^ %z=i^jf^ 
i^u = n^ (a?) = ^ 0?. 
Hence j^=x^ = — a; <^i8 = »'=— a; 

fife 4 4 j-4 

Hence we have the developement 

j4 \4j-4'a?3' j^ 
Which becomes 

W=: a?H — 4- ^c. 

Here therefore 

y = — or, 

is the equation of the rectilinear asymptote ; again^ 



^ M V4A-4a?3 A4 b I 



is the equation to a curve, which is an asymptote ap- 
proaching nearer to the original curve than the recti- 
linear asymptote. 

If we took three terms we should have a curviline» 
asymptote of a higher order ; and so on for the rest of 
the series. 

This method was given by Stirling, in his Commen- 
tary on Newton's enumeration of lines of the third 
order ; and by Lagrange^ Theorie des Ponctions, 
part ii. ch. 2. 
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